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General Form of Exact Distributions of Differences, Ratios
and Products for »Bivariate Beta Distribution,

* Hanan Ejwily, ** Nessren Mousa & *** Sara El Warrad
Benghazi of University, Libya

Abstract

The beta distribution is one of the basic distributions that are applicable in different
aspects. the beta distributions are used in extensively in Bayesian statistics. The
bivariate beta distribution are used in a wide variety of applications such as Bayesian
statistics and reliability theory. In this paper, we derive the exact distributions of the

general form of Z=aX - pY ,R= 05% and P =¢afXY, and the corresponding

moments , when X and Y follow the Bivariate beta distribution also called “Connor and
Mosimann's generalized Dirichlet distribution”. The calculations involve the use of special
functions. Moreover, an application of the results to real data (Nadarajah and Kotz [2007]) is
provided.

Key words: Bivariate beta distribution; Differences of random variables; Ratios of random
variables; products of random variables; Hypergeometric function.
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1. Introduction.

The linear combinations, ratios and products of two random variables X and Y say
have attracted researchers in the statistics literature, X and Y may be independent or
dependent.

For independent variables, (Pham-Gia and Turkkan [1993]) derived the exact
distribution of sums, differences of X and Yare independent beta random variables.
Also, (Pham-Gia[2000]) has derived distributions for products of X and Yare
independent beta random variables. For dependent variables, (Nadarajah [2005]) has
derived distributions for the sums, products, and ratios for the bivarate Gumbel
distribution, followed by (Nadarajah and Kotz [2007]) who derived the distributions
for sums and ratios of Connor and Mosimann’s generalized Dirichlet distribution.
Also, Al-Ruzaiza and EI-Gohary [2008] have derived distributions for the sums,
products and ratios of inverted bivariate beta distribution. (Nadarajah [2005]) has also
derived the reliability of some bivariate beta distribution.

The bivariate beta distribution is one of the basic distributions in statistics, as
it attracted useful applications in several areas; for example, in the modeling of the
proportions of substances in a mixture, brand shares, i.e the proportions of brands of
some consumer product that are bought by customers (Chatfiled [1975]), proportions
of the electorate voting for the candidate in a two candidate election [Hoyer and
Mayer 1976] and the dependence between two soil strength parameters (A_Grivas
and Asaoka [1982]). They have also been used extensively as a prior in Bayesian
statistics (see, for example, Apostolakis [1987]).

In this paper, we derive the exact distributions of Z =aX — Y ,R = OO%BY and

P =afXY , when X and Y are distributed according to the joint probability density function
pdf given by

()= e 1y 0 - ) 0

for,x>0,y>0,x+y<la>0b>0,d>0and c>0

The distribution in (1) is known as the Connor and Mosimann’s generalized
Dirichlet distribution (see Connor and Mosimann [1969]). It has several applications
in many areas, including Bayesian statistics, contingency tables, correspondence
analysis, environmental sciences, forensic sciences,geochemistry, image analysis and
statistical decision theory (see, for example, Gupta and Nadarajah [2004] for
illustrations of some of these application areas).

The calculations throughout this paper involve several special functions,
including the incomplete beta function defined by

X

B, (4, 4)= [t (1-t)dt, @)
0
Which is given by
Xl
B, (4, ) =2 F(A1- A +1Lx) 3)



The Gauss hypergeometric function defined by

F. (0, A+ ;%) =

B(/At’uj-u“l u)*(l—xu)’du 4)

where Re 4 >0, Re x>0, which is given in a series form by

o ) X
52#1 in
JZ=<; () ! (5)

Where |x| <1, and (f), = f(f +1)....(f +k—1) denotes the ascending factorial, the
Appell hypergeometric function of the first kind defined by

Jl' X L= X)L —ux) (L vx) 7 dx,

Fl(/i,5,y;i+,u;u,v)=Bu 3
H)%

(6)
where Re 4 >0, Re x>0, which is given in a series form by
0 oo u'v]
F(4,8,7;4u,v) ZZ '+J ). (7), |
i=0 j=0 )|+] i! Jl (7)

where |u| <1, v <1.

The properties of the above special functions can be found in(Gragshteyn and
Ryzhik [1980]).

This paper is organized as follows. Section2 deals with the derivation of
probability density function (pdfs) and the cumulative distribution functions (cdfs) of
Z=aX-pY,R= “%v and P = afXY . The corresponding moments are discussed

in Section3. Finally, Section4 provides an application to compositional data of lavas
from Skye (see Nadarajah and Kotz [2007]).

2. Probability density functions.

In this section, we derive the exact probability density functions and cumulative
distribution functions of general form of the differences, ratios and products of two
random variables that follow “Connor and Mosimann’s generalized Dirichlet
distribution”, given in (1)

Theoreml: If X and Y are jointly distributed random variables following the
pdf given by Equation (1), then the pdf and cdf of Z =aX — Y are given,
respectively, by

F(a+c) (b+d) _wt prd1E ( p+1z a(ﬂ+z)] .
(a+ﬁ) o 1r(( )F(C)F(a-;—d)( Z) (ﬂ+Z) a,b+d-cl-bja+d; aip'z (a+ﬂ) if —-B<z<0
"' Bla+b-1d ~ . B B
g(z)= (a+ﬁ)"”’lB(a,c)B(b,d)zFl(aer 1b+d-ca+b+d 1,0[+ ] if z=0
1 a-1( )1 _ A i ﬂ ﬂ(z—a)] .
(a+ﬁ)baa*°‘b‘1B(a,c)z (a-12) F{b,b+d cl a,b+d,a+ﬂ,z(a+ﬁ) if 0<z<a
0 otherwise

(8)



Where a+b>1

and
0 if z<-p
(a+ ﬂ)rg Jc: Cll)—(l(gt;; ) C(a+d mi:‘mi;‘ (ab++dd) cr)nl(nll ok a(‘fi+;';’::’1 (-2 B(%](a +d+m+nb-n) if - f<z<0
S| g o s OO P oy bl e
s ,B)lbaal*““B(a, c) k. (gJ++ dd)mc r)mfu ° (f +a,8)m1” (1B, @-nc+n) it 0<z<1

if z>1

(9)
Proof: From Equation (1), the joint pdf of Z = aX — gY and Y is given by

{(z,y)= a+erbd) (z +ﬁyja_lybl(1_%y_b_d [1_ : +(a+ﬂ)yjd_1,

r@rp)rcrd)\ o

(24
-z a—1
-f<i<a, —<Yy< :
B * 5 y oy
Thus, the marginal pdf of Z is
9(z)= If(z,y)jy, -pf<i<a.

For —f<z<0,thepdfof Z isgiven by

I(a)r(b)r(c a a

o(2)= F(a+ch+d ]-Z bl(z+ﬂyj ( Z+ﬂy)°bd( MJMW

Ma+c)r(b+d)

- crrarorera ]y J[lﬁﬂ](l(a(ﬁﬂ))j ey

where the transformations  _ (@+B8)z+4y)
a(p+17)
integral using (6), we get the first part of Equation (8).

have been applied. Solving above

Now, for z =0 , we have

a

o(z)= 1@ )b +9) (ﬂ)""‘lar y [1— g ijd (1— (e p) yjdldy

a*T(a)C(b)r(c)r(d) ] a

c-d-1 pa-1 atc—d-11 —(b+d—c)
_a B F(a+c)l“(b+d)( 1 j '[Vd—l(l_v)a+b—2[l+ﬁvj dv
0

(24



Using the transformation V= (1—M yj and(4), we obtain the second part of
a

Equation (8). Asfor 0<z <« , we have

it [ (e o] ool

BT T RO TR B S A R
e ronrer e igly] GG

where the transformation u= (a+ﬂ )y has been applied. Solving above integral

using (6), we get the last part of Equatlon (8).
Integration of g(z)in (8) with respect to Z and using (7), leads to Equation (9),
which completes the proof.

The different plots of "Figure 1" illustrate the shapes of the pdf of Z for
selected values of «,f,a,b,candd, where it is obvious that the effect of the

parameters is evident.

Fig. 1 Plots of the pdf of Z =X — gy for (8): o =2, f#=2; when a=1 (b=c=0d=3) ,when b=1 (a=c=d =3) ,when c=1
(a=b=d=3),when d=1 (a=b =c=3). (b): o = 2, f =1; when a=1 (b=c=d=3) ,when b=1 (a=c=d =3) ,when c=1 (a=b=d=3),when
d=1 (a=b =c=3).

Theorem 2: If X and Y are jointly distributed random variables with the joint pdf (1)
then the pdf and cdf of R=aX / SY are given, respectively, by

s

~ 1“(a+c)1“(a+b)l"(b+d)(ﬁja ret _ : '
g(r)_F(a)F(b)F(C)F(a+b+d) o (1+,Br 52 h|b+d c,a+b,a+b+d,1+ﬂr
a a

(10)



Where O0<r <o, and

"B,/ (a+1,b)

+r))

[(a+c)r(a+b)r(b+d) ( ji (a+b),(b+d-c)

) arbrerarb i) a) & a+b+d)l!

(11)
Proof: Using (1), the joint pdf of R=aX /fY and Y is given by

~ 1 ,B a-1 o1 _ﬁ c—b-d _E B d-1 . ﬁ
f(r,y)= @ cBb.d) )(bd)( ryj y [l aryj (1 1y y) 0<r< ,0<[1+arjy<1

Thus, the marginal pdf of R is

~(b+d—c)
1 ﬁ a-1 a,]_ 1 ﬁl’
— (_J — Iua+b -1 1 U d -1 1— (21 u du
B(a,c)B(b,d)\ & LB a(1+ﬁrj
o a

where the transformation u = [1+ I rjy . Using (4) we obtain (10).
(04

Equation (11) is obtained by integration ofg(r) in (10), with respect to r.
completes the proof of the theorem.

Remark:
The pdf of R=aX /fY when «a = £ is given by

_Ta+c)r(@a+b)ro+d) r**
Ql(r)_r(a)r(b)r(c)r(a+b+0|)(1+ ek (b+d —c,a+bja+b+d; m)

see ( N.A.Mokhlis etal. [2013])

Figure 2 with its variants plots illustrates the shapes of the pdf of R for
selected values of «,f,a,b,c and d where it is obvious that the effect of the

parameters is evident.
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Fig. 2 Plots of the pdf of R = X / gy for (a): o =1, g = 2when a=1 (b=c=d=3) ,when b=1 (a=c=d=3) ,when c=1 (a=b=d=3),when
d=1 (a=b=c=3). (b) : ¢ =2, g=1 When a=1 (b=c=d=3) when b=1 (a=c=d=3) when c=1 (a=b=d=3),when d=1 (a=b=c=3).

Theorem 3: If X and Y are jointly distributed random variables with the joint pdf
(1) then the pdf and cdf of P = XY are given, respectively, by

S N =

ap+(ap) - dapp zaﬁ—\/(aﬁ)z—%ﬂp}
, -

I(a+c)r(b
gp(p)= 2b—2d
2 g rlar

d-=
x(l—i pj 2F{d,b+d —ab+d-c2di2—

a, 2p
(12)
where 0 < p<%
4
and
o @)y, brd-a),b+d-c) (1) &< a-b-d+n
)T Rt e e 3) %é“)[ . ]
(13)
(m+n-b)
X(c—b—_derJ(ﬂj B4p[b—m—n,d+1(m+n+i+j+1)j
J af o 2
Ia+c)r(b+d

where T =

+d)r(d)
2 (o) T(@)r(b)r(c)r(2d)

Proof: From Equation (1), the joint pdf of X and P = afXY is given by



_ r(a+o)rb+d) _[“J*TZJ _(“Jl‘TZ]
e R O (S ) H T T e

Thus, the marginal pdf of P can be written as

F(p)= R0 o g ) (e ) i
(@p) 5, R |

_ Kpb—l p a-b—d (1_ p )C7b7d(p _ p )Zdlj.vd_l(l_v)dl 1_[1_&JV —(b+d-a)
(ap) ! = PhJ)) >

—(b+d—c)
C1-p, I01
Using the transformations - *~P:_and (6) , we have
P, — P,

f(p)=HRP__ @ )b pf‘ "@-p)" " (p, - p )" B(d,d)

xF[d b+d—ab+d—c2d1-FPz P~ plj
p 1-p

Hence the pdf can be rewritten as the result given in Equation (12). To obtain
the cdf of P, integration of f(p) in (12) with respect to P and using (7), leads to the
result (13), which completes the proof.

Remark:
When aa=1,8=2 or ¢ =2, =1.Then pdf of P =afXY gives the same results.

Figure 3 illustrates the shapes of the pdf of p for selected values of «, f,a,b,c and
d, of course, it is obvious that the effect of the parameters is evident.
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Fig. 3 Plots of the pdf of P = oBXY for (a): o =2, f =2, when a= 1 (b=c=d=3), b= 1 (a=c=d=3), when c=1 (a=b=d=3),
when d=1 (a=b=c=3). (b): o =2, =1, when a= 1 (b=c=d=3), b= 1 (a=c=d=3), when c=1 (a=b=d=3), when d=1
(a=b=c=3).

Remark: It is evident that there is similarity in the curves of plots when a=1,c=1.
3. Moments
For deriving the moments of Z, R and P, we need the following lemma:

Lemmal If X and Y are jointly distributed random variables with the joint pdf in
(1), then

E(X"Y™)=KB(a+n,c+m)B(b+m,d) (14)

1

fora+n>0,b+m=>0,c+m=>0 and K —
B(a,c)B(b,d)

Proof: Knowing that

E(X"Y™)= [ [ XY™ (x,y)ydx, (15)
and substituting with 1) into (15), we get
11-x

E(X"Y™)= KI J'x”“”lym*b’1 1—x)""" @-x—y)" dydx
00

1

_ KI y -l (1_ X)c—b—d ( :([ ymo-L [(1_ X{l— %) Jdy)dx

0

Using the transformation u = L, we obtain

1-x
E(X"Y™)= Kjl' X" a1 - x) (j [u@—x)™* @ —u)" (1 - x)du)dx

1
— KJ‘ Xn+a—1 (1_ X)c+m—1 dXJ‘u m+b—1 (1_ U)d_ldu,

0 0



Solving the integral, we obtain the result (14). This completes the proof of the
lemma.

Theorem4: If X and Y are jointly distributed according to the joint pdf (1), and
Z =oaX — pY, then

E(@Z")= Ki(_l)m_ [rlnjamﬁm'B(a+|,c+m—I)B(b+m—I,d) (16)

1

form>1Lb+m>l,c+m>l,and k —
B(a,c)B(b,d)

Proof: Starting with the definition of expectation and using the binomial expansion,
we get

E(z")=E[(aX - pY)"]= m (_1)“"(Tjamﬁm-'1~:(x'vm-' ) m>1.

|
Applying (14), we obtain the result (16).
Note that, if m=1, then
E(z)= ca(b+d)—apfch
(a+c)b+d)
Also, if m=2, then
_a’Bcb(c+1)b+1)-2a° Bach(b+d +1)+ aa(a+1)b+d)b+d +1)
(a+c+1)a+chb+d+1)b+d)

E(z?)

and hence

a? Beb(c +1)b +1)— 2¢° fach(b + d +1)+ e a(a+1)b+d o +d +1)_(aa(b+d)—aﬂcbj2

Var(z) = (a+c+1fa+ckb+d+1) b+d) (@+c)b+d)

Theorem5: If X and Y are jointly distributed according to the joint pdf (1), and
R=0aX/, then
e

E(Rm)= K(%TB(Mmlc—m)B(b—m'd) (17)

1
B(a,c)B(b,d)

for m>1, b>m,c>m, and K —

Proof: writing E(Rm)_E[[%j XmYm] and substituting in Equation (14), we obtain the

result (17), and this completes the proof.

Now, if m=1

LD



b>1 c>1. where
Also, if m=2, then

E(RZ)—(O{)Z a(a+1)b+d-1)b+d-2)

\B) (c-1c-2\b-1)(b-2)

and hence

a\(a@+1)b+d-1)b+d-2) (alb+d-1))
V"’“(R):(Ej( e e ]

where b>2, ¢c>2.

Theorem6: If X and Y are jointly distributed according to the joint pdf (1), and
P=0fXY, then

E(P™)=K(eB)"B(a+m,c+m)B(b+m,d)
(18)

Proof: Settingm=n in the relation (14), we get the result (18), thus completing the
proof.

Now, if m=1, then

apach
B(P)= (a+c+1)fa+c)b+d)

Also, if m=2, then

E(p?) (ap)*achb(a+1)c+1)b+1)
~(a+c+3fa+c+2)fa+c+1)a+c)b+d+1)b+d)
and hence
Var(P)= () acb(a+1)c+1)b+1) _( ach Jz
b (a+c+3)a+c+2)a+c+L)a+c)kb+d+1)fb+d) ((a+c+1fa+c)b+d)

4. Application

Here, we provide an application of the results in Sections 2 and3. We use the data set
on compositions of lavas from Skye (see Nadarajah and Kotz [2007]). The three
variables are: A = sodium and potassium oxides, F = iron oxide and M = magnesium
oxide.



Note that each column in Table 1 add to 1.Our interest is showing the
differences, ratios and products of proportions of A and F, the proportions of A and
M, and the proportions of F and M. An obvious model in this situation would be the
generalized Dirichlet distribution given by the joint pdf (1).

A F M

0.52 0.42 0.06
0.52 0.44 0.05
0.47 0.48 0.05
0.45 0.49 0.06
0.4 0.5 0.1

0.37 0.54 0.09
0.27 0.58 0.15
0.27 0.54 0.19
0.23 0.59 0.18
0.22 0.59 0.19
0.21 0.6 0.19
0.25 0.53 0.22
0.24 0.54 0.22
0.22 0.55 0.23
0.22 0.56 0.22
0.2 0.58 0.22
0.16 0.62 0.22
0.17 0.57 0.26
0.14 0.54 0.32
0.13 0.55 0.32
0.13 0.52 0.35
0.14 0.47 0.39
0.24 0.56 0.2

Table 1. Data on compositions of lavas from Skye.

The distribution in (1) reasonably fits the three bivariate data sets on
proportions: data set 1 containing the values (A, F), data set 2 containing the values
(A, M), and data set 3 containing the values (F, M ).Table2 gives the estimates of
a, b, c and d, which were obtained using the maximum likelihood method (see
Nadarajah and Kotz [2007]). Table 3 gives estimated values of the moments E(Z),

E(R) and E(P) with different value of «,fobtained using (16), (17) and (18)
respectively.



Data set a b c d

(A F) 3.827 13.474 10.350 4.497
(A, M) 3.827 4.497 10.350 13.474
(F, M) 53.331 1.991 45.930 2.724

Table 2 Estimated values of d , b , C and d.

Dat (A, F) (A, M) (F, M)
a=2[3=2E(Z) |-1649 -0.1909 0.2930
a=2B3=1E(z) |-0.5548 0.1745 0.6838
a=1,p5=2 E(Z) -0.8248 -0.0954 0.1465
a=2pB=2E(R) |05569 1.9864 4.4497
a=2pB=1ER) |11137 3.9727 8.8994
a=1p=2E(R) |02784 0.9932 2.2248
a=2B=2E(P) |05521 0.1843 0.4157
a=2B=1E(P) |02760 0.0921 0.2079
a=1,p5=2 E(P) 0.2760 0.0921 0.2079

Table3 Estimated E(Z ), E(R)and E(P).

We see that results in Table (3) are consistent with graphs in Figures 4-12, 13-18 and
19-24 .Show the fitted pdfs of Z given by (8), of R given by (10), of P given by (12)
using the estimated parameters and using data.

Fitted pdf of Z

Fig. 4 Fitted pdf of Z= aX -BY given by (8) when a=2,=2 and X is sodium and potassium oxides and Y is iron oxide.




Fitted pdf of Z

Fig. 5 Fitted pdf of Z= aX -BY given by (8) when a=2,3=2 and X is sodium and potassium oxides and Y is magnesium
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Fig. 6 Fitted pdf of Z= X -BY given by (8) when a=2,3=2 and X is iron oxide and Y is magnesium oxide
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Fig. 7 Fitted pdf of Z= o.X -BY given by (8) when o=2,p=1 and X is sodium and potassium oxides and Y is iron oxide.
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Fig. 8 Fitted pdf of Z= aX -fY given by (8) when a=2,3=1 and X is sodium and potassium oxides and Y is magnesium
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Fig. 9 Fitted pdf of Z= aX -BY given by (8) when a=2,3=1 and X is iron oxide and Y is magnesium oxide
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Fig. 10 Fitted pdf of Z= oX -BY given by (8) when o=1,3=2 and X is sodium and potassium oxides and Y is iron oxide.
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Fig. 11 Fitted pdf of Z= aX -BY given by (8) when a=1,3=2 and X is sodium and potassium oxides and Y is magnesium
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12 Fitted pdf of Z= aX -BY given by (8) when a=1,p=2 and X is iron oxide and Y is magnesium oxide
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Fig. 13 Fitted pdf of R= aX/BY given by (10) when 0=2,3=1 and X is sodium and potassium oxides and Y is iron oxide.
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Fig. 14 Fitted pdf of R= aX/fY given by (10) when o=2,p=1 and X is sodium and potassium oxides and Y is magnesium oxide.
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Fig. 15 Fitted pdf of R= aX/AY given by (10) when 0=2,=1 and X is iron oxide and Y is magnesium oxide.
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Fig. 16 Fitted pdf of R= aX/pY given by (10) when a=1,3=2 and X is sodium and potassium oxides and Y is iron oxide.
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Fig. 17 Fitted pdf of R= aX/gY given by (10) when o=1,3=2 and X is sodium and potassium oxides and Y is magnesium oxide.
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Fig. 18 Fitted pdf of R= aX/AY given by (10) when o=1,3=2 and X is iron oxide and Y is magnesium oxide.
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Fig. 19 Fitted pdf of P =apXY given by (12) when o=2,8=2X is sodium and potassium oxides and Y is iron oxide.



5.00E+00 -
4.50E+00 -
4.00E+00 -
3.50E+00 -
3.00E+00 -
2.50E+00 -
2.00E+00 -
1.50E+00 -
1.00E+00 -
5.00E-01 -~
0.00E+00 T T T T ' 1

Fitted pdf of P

Fig. 20 Fitted pdf of P =apXY given by (12) when o=2,8=2X is sodium and potassium oxides and Y is magnesium oxide.
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Fig. 21 Fitted pdf of P =apXY given by (12) when o=2,8=2X is iron oxide and Y is magnesium oxide.
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Fig. 22 Fitted pdf of P =apXY given by (12) when o=2,=1 X is sodium and potassium oxides and Y is iron oxide.
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Fig. 23 Fitted pdf of P =apXY given by (12) when o=2,8=1X is sodium and potassium oxides and Y is iron oxide.
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Fig. 24 Fitted pdf of P =apXY given by (12) when o=2,8=1X is iron oxide and Y is magnesium oxide.

Clearly from Figures 4-12, 13-18 and 19-24, we can see that the data fits the given
distributions.

Conclusions.

The exact distributions of Z,Rand P derived have complex forms involving the

Gauss hyper geometric and the Appell function, we deduce approximate distributions
for these variables depending on beta type | and type Il distributions.
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