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للعلوم  الحديثة مجلة جامعة بنغازيشروط كتابة البحث العلمي في 
 والدراسات الإنسانية

 

 كهًح(. 051انًهخض تانهغح انؼشتٛح ٔتانهغح الاَعهٛضٚح ) -1

 انًمذيح، ٔذشًم انرانٙ: -2

 .)َثزج ػٍ يٕضٕع انذساسح )يذخم 

 .يشكهح انذساسح 

  .أًْٛح انذساسح 

 ذساسح. أْذاف ان 

  .انًُٓط انؼهًٙ انًرثغ فٙ انذساسح 

 انرٕطٛاخ(. -انخاذًح. )أْى َرائط انثحس  -3

 لائًح انًظادس ٔانًشاظغ. -4

 .انًشاظغانًظادس ٔ( طفحح يرضًُح انًلاحك ٔلائًح 55ػذد طفحاخ انثحس لا ذضٚذ ػٍ ) -5

 القواعد العامة لقبول النشر
 ا انششٔط اٜذٛح:الاَعهٛضٚح؛ ٔانرٙ ذرٕافش فٛٓذمثم انًعهح َشش انثحٕز تانهغرٍٛ انؼشتٛح ٔ    .0

 ،ًٔذرٕافش فّٛ ششٔط انثحس انؼهًٙ انًؼرًذ ػهٗ الأطٕل انؼهًٛح ٔانًُٓعٛح  أٌ ٚكٌٕ انثحس أطٛلا

يٍ حٛس الإحاطح ٔالاسرمظاء ٔالإضافح انًؼشفٛح )انُرائط( ٔانًُٓعٛح ٔانرٕشٛك ٔسلايح انًرؼاسف ػهٛٓا 

 .انهغح ٔدلح انرؼثٛش

 ٕأٔ يسرم يٍ سسانح أٔ اطشٔحح ػهًٛح ٌ انثحس لذ سثك َششج أٔ لذٌو نهُشش فٙ أ٘ ظٓح أخشٖألا ٚك. 

 ٌٔيطثٕػاَ ػهٗ يهف ٔٔسد،  -إٌ ٔظذخ  - ٚكٌٕ انثحس يشاػٛاً نمٕاػذ انضثظ ٔدلح انشسٕو ٔالأشكال أ

 Times New( تخظ )05( نهغح انؼشتٛح. ٔحعى انخظ )'Arial 'Body( ٔتخظ )01حعى  انخظ )

Roman.نهغح الإَعهٛضٚح ) 

 أٌ ذكٌٕ انعذأل ٔالأشكال يذسظح فٙ أياكُٓا انظحٛحح، ٔأٌ ذشًم انؼُأٍٚ ٔانثٛاَاخ الإٚضاحٛح.  

 أٌ ٚكٌٕ انثحس يهرضيا تذلح انرٕشٛك حسة دنٛم ظًؼٛح ػهى انُفس الأيشٚكٛح APA))  ٔذصثٛد ْٕايش

 انُحٕ اٜذٙ: انًشاظغ فٙ َٓاٚح انثحس ػهٗانًظادس ٔانثحس فٙ َفس انظفحح ٔ

 ٌانًظذس،  أٌ ذصُثد انًشاظغ تزكش اسى انًؤنف، شى ٕٚضغ ذاسٚخ َششج تٍٛ حاطشذٍٛ، ٔٚهٙ رنك ػُٕا

 .انظفحح ٔسلىٔسلى انعضء، يرثٕػاً تاسى انًحمك أٔ انًرشظى، ٔداس انُشش، ٔيكاٌ انُشش، 

 ٚزُكش اسى  نهثحس: ػُذ اسرخذاو انذٔسٚاخ )انًعلاخ، انًؤذًشاخ انؼهًٛح، انُذٔاخ( تٕطفٓا يشاظغ

طاحة انًمانح كايلاً، شى ذاسٚخ انُشش تٍٛ حاطشذٍٛ، شى ػُٕاٌ انًمانح، شى ركش اسى انًعهح، شى سلى 

 .انظفحح انًعهذ، شى سلى انؼذد، ٔداس انُشش، ٔيكاٌ انُشش، ٔسلى

هح انذساسح، يشك كهًح( تحٛس ٚرضًٍ 051ٚمذو انثاحس يهخض تانهغرٍٛ انؼشتٛح ٔالاَعهٛضٚح فٙ حذٔد )   .2

فٙ َٓاٚح  انشئٛسٛحٔٔضغ انكهًاخ  .انذساسح ، َٔرائطانذساسح يُٓعٛحٔانٓذف انشئٛسٙ نهذساسح، ٔ

 ). انًهخض )خًس كهًاخ
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 تحمٓا فٙ أسهٕب إخشاض انثحس انُٓائٙ ػُذ انُشش.ظايؼح تُغاص٘ انحذٚصح  ذحرفظ يعهح  .3

 النشر إجراءات
 كانرانٙ:  ْٕٔظايؼح تُغاص٘ انحذٚصح  ٙ انخاص تانًعهحانًٕاد ػثش انثشٚذ الانكرشَٔ ظًٛغ ذشسم

 ( ُٚشسم انثحس انكرشَٔٛا Pdf  +Word )  إنٗ ػُٕاٌ انًعهحinfo.jmbush@bmu.edu.ly  أ َسخح

 ٚظٓش فٙ انثحس اسى انثاحس ٔنمثح انؼهًٙ، ٔيكاٌ ػًهح، ٔيعانّ. تحٛس CDػهٗ 

 ػهٗ يٕلغ انًعهح( ٔكزنك اسفاق يٕظض نهسٛشج  ٚشفك يغ انثحس ًَٕرض ذمذٚى ٔسلح تحصٛح نهُشش )يٕظٕد

 انزاذٛح نهثاحس إنكرشَٔٛاً.

  .لا ٚمثم اسرلاو انٕسلح انؼهًٛح الا تششٔط ٔفٕسياخ يعهح ظايؼح تُغاص٘ انحذٚصح 

  فٙ حانح لثٕل انثحس يثذئٛاً ٚرى ػشضح ػهٗ يُحكًٍُٛ يٍ رٔ٘ الاخرظاص فٙ يعال انثحس، ٔٚرى

ؼشع ػهٛٓى اسى انثاحس أٔ تٛاَاذّ، ٔرنك لإتذاء آسائٓى حٕل يذٖ أطانح اخرٛاسْى تسشٚح ذايح، ٔلا ُٚ 

انثحس، ٔلًٛرّ انؼهًٛح، ٔيذٖ انرضاو انثاحس تانًُٓعٛح انًرؼاسف ػهٛٓا، ٔٚطهة يٍ انًحكى ذحذٚذ يذٖ 

 طلاحٛح انثحس نهُشش فٙ انًعهح يٍ ػذيٓا.

 ٍٚيٍ ذاسٚخ الاسرلاو نهثحس، ٔتًٕػذ  ٚخُطش انثاحس تمشاس طلاحٛح تحصّ نهُشش يٍ ػذيٓا خلال شٓش

 انُشش، ٔسلى انؼذد انز٘ سُٛشش فّٛ انثحس.

  فٙ حانح ٔسٔد يلاحظاخ يٍ انًحكًٍُٛ، ذشُسم ذهك انًلاحظاخ إنٗ انثاحس لإظشاء انرؼذٚلاخ انلاصيح

 .ػششج أٚاوتًٕظثٓا، ػهٗ أٌ ذؼاد نهًعهح خلال يذج ألظاْا 

 ْا لا ذؼاد إنٗ انثاحصٍٛ.الأتحاز انرٙ نى ذرى انًٕافمح ػهٗ َشش 

 فًٛا ُٚشش يٍ دساساخ ٔتحٕز ٔػشٔع ذؼثش ػٍ أساء أطحاتٓا. الأفكاس انٕاسدج 

 يٍ انًٕاد انًُشٕسج فٙ انًعهح يشج أخشٖ. إ٘ َشش لا ٚعٕص 

 ( ِ511( دُٚاس نٛثٙ إرا كاٌ انثاحس يٍ داخم نٛثٛا، ٔ )د.ل 111ٚذفغ انشاغة فٙ َشش تحصّ يثهغ لذس $ )

 -ليبيا  –بنغازي (: ػهًاً تأٌ حساتُا انماتم نهرحٕٚم ْٕ .إرا كاٌ انثاحس يٍ خاسض نٛثٛادٔلاس أيشٚكٙ 

. الاسم )صلاح الأمين 0000-445520-000 ، رقمبنغازي -الرئيسي فرع المصرف التجارة والتنميت، 

 .عبدالله محمد(

 ظًٛغ انًٕاد انًُشٕسج فٙ انًعهح ذخضغ نمإٌَ حمٕق انًهكٛح انفكشٚح نهًعهح. 

 

info.jmbush@bmu.edu.ly 

00218913262838 

 

 د. طلاغ الأيٍٛ ػثذالله                                                                           

 سئٛس ذحشٚش يعهح ظايؼح تُغاص٘ انحذٚصح                                                               

                 Dr.salahshalufi@bmu.edu.ly 
  

 

 

https://ws01.server.ly:8443/smb/email-address/edit/id/985
https://ws01.server.ly:8443/smb/email-address/edit/id/985
https://ws01.server.ly:8443/smb/email-address/edit/id/986


 
 

4 

General Form of Exact Distributions of Differences, Ratios 

and Products for ”Bivariate Beta Distribution” 

 

* Hanan Ejwily, ** Nessren Mousa & *** Sara El_Warrad 
University, Libyaof Benghazi  

ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  

 

Abstract 

 The beta distribution is one of the basic distributions that are applicable in different 

aspects. the beta distributions are used in extensively in Bayesian statistics. The 

bivariate beta distribution are used in a wide variety of applications such as Bayesian 

statistics and reliability theory. In this paper, we derive the exact distributions of the 

general form of YXZ   ,
Y

XR


  and XYP  , and the corresponding 

moments ,  when X and Y follow the Bivariate beta distribution  also called “Connor and 

Mosimann's generalized Dirichlet distribution”. The calculations involve the use of special 

functions. Moreover, an application of the results to real data   (Nadarajah and Kotz [2007]) is 

provided.
 

Key words: Bivariate beta distribution; Differences of random variables; Ratios of random 

variables; products of random variables; Hypergeometric function. 

   

 

 :الملخص

ا ٚؼرثش ذٕصٚغ تٛرا يٍ انرٕصٚؼاخ انٓايح ٔانز٘ نّ ذطثٛماخ ػذٚذج فٙ يعالاخ يخرهفح. كً

اٌ ذٕصٚغ تٛرا نّ اًْٛح خاطح فٙ الاحظاء انثٛض٘. ٔكزنك ذٕصٚؼاخ تٛرا انصُائٛح ذسرخذو فٙ كصٛش 

يٍ انرطثٛماخ، يصم الاحظاء انثٛض٘ َٔظشٚح انًٕشٕلٛح، نزا فٙ ْزا انثحس َمٕو تاشرماق 

انرٕصٚؼاخ انرايح )انًضثٕطح( نلاخرلاف )انفشق( ٔانُسثح ٔحاطم انضشب نًرغٛشٍٚ ػشٕائٍٛٛ 

ٚرثؼاٌ ذٕصٚغ تٛرا انصُائٙ )انًؼشٔف اٚضا تاسى ذٕصٚغ دٚشٚرشهد نكَٕٕس ٔيٕسًٛاٌ( كًا أظذَا 

دانح انرٕصٚغ انرشاكًٙ ٔانؼضٔو نٓزِ انرٕصٚؼاخ. ٔفٙ َٓاٚح انثحس ذى ذطثٛك انُرائط انُظشٚح انرٙ 

 ذٕطهُا انٛٓا ػهٗ تٛاَاخ حمٛمح.
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1. Introduction. 

The linear combinations, ratios and products of two random variables X and Y say 

have attracted researchers in the statistics literature, X and Y may be independent or 

dependent.  

For independent variables, (Pham-Gia and Turkkan [1993]) derived the exact 

distribution of sums, differences of  X and Yare independent beta random variables. 

Also, (Pham-Gia[2000]) has derived distributions for products of X and Yare 

independent beta random variables. For dependent  variables, (Nadarajah [2005]) has 

derived distributions for the sums, products, and ratios for the bivarate Gumbel 

distribution, followed by (Nadarajah and Kotz [2007]) who derived the distributions 

for sums and ratios of Connor and Mosimann’s generalized Dirichlet distribution. 

Also, Al-Ruzaiza and El-Gohary [2008] have derived distributions for the sums, 

products and ratios of inverted bivariate beta distribution. (Nadarajah [2005]) has also 

derived the reliability of some bivariate beta distribution. 

    The bivariate beta distribution is one of the basic distributions in statistics, as 

it attracted useful applications in several areas; for example, in the modeling of the 

proportions of substances in a mixture, brand shares, i.e the proportions of brands of 

some consumer product that are bought by customers (Chatfiled [1975]), proportions 

of the electorate voting for the candidate in a two candidate election [Hoyer  and 

Mayer 1976] and the dependence between two soil strength parameters (A_Grivas 

and Asaoka [1982]). They have also been used extensively as a prior in Bayesian 

statistics (see, for example, Apostolakis [1987]).                                     

      In this paper, we derive the exact distributions of YXZ   ,
Y

XR


  and 

XYP  ,  when X and Y are distributed according to the joint probability density function 

pdf given by      

 

 

 
   
       

    111 11,
 






ddbcba yxxyx
dcba

dbca
yxf

                         (1)                                                                                                                            

00,0,0,1,0,0,  canddbayxyxfor
 

     The distribution in (1) is known as the Connor and Mosimann’s generalized 

Dirichlet distribution (see Connor and Mosimann [1969]). It has several applications 

in many areas, including Bayesian statistics, contingency tables, correspondence 

analysis, environmental sciences, forensic sciences,geochemistry, image analysis and 

statistical decision theory (see, for example, Gupta and Nadarajah [2004] for 

illustrations of some of these application areas).                                                                                                                                                 

The calculations throughout this paper involve several special functions,  

including the incomplete beta function defined by 

                                      ,1,
1

0

1 dttt

x

x

  
                                                   (2)                                                           

Which is given by  

                                 
   xF

x
x ;1;1,, 12  






                                       (3)                                                                     
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The Gauss hypergeometric function defined by 

              

 
 

    duxuuu
B

xF





   11
,

1
;;,

1
1

0

1

12                            (4)                                 

    
  

where ,0Re,0Re    which is given in a series form by  

                 
   

 
,

!
;;,

0

12
j

x
xF

j

j j

jj












                                                            (5)                                                        

Where ,1x  and      1.......1  kffff k  denotes the ascending factorial, the 

Appell  hypergeometric function of the first kind defined by    

   
 

 
      ,111

,

1
,;;,,

1
1

0

1

1 dxvxuxxxvuF





 


 
                          (6)  

    
  

where ,0Re,0Re    which is given in a series form by  

    

 
     

 






 




0 0

1 ,
!!

,;;,,
i j ji

ji

jiji

ji

vu
vuF






                                                    (7) 
 

where .1,1  vu  

 
The properties of the above special functions can be found in(Gragshteyn and 

Ryzhik [1980]).   

       This paper is organized as follows. Section2 deals with the derivation of 

probability density function (pdfs)  and the cumulative distribution functions (cdfs)  of 

YXZ   ,
Y

XR


  and XYP  . The corresponding moments are discussed  

in Section3. Finally, Section4 provides an application to compositional data of lavas 

from Skye (see Nadarajah and Kotz [2007]).    
 

2. Probability density functions. 

In this section, we derive the exact probability density functions and cumulative 

distribution functions of  general  form of the differences, ratios and products of two 

random variables that follow “Connor and Mosimann’s generalized Dirichlet 

distribution”, given in (1)  

Theorem1: If X and Y are jointly distributed random variables following the 

pdf given by Equation (1), then the pdf and cdf of YXZ   are given, 

respectively,  by  

 

   
       

   
 
 

 
     

   
 

 
 























































































otherwise

zif
z

z
dbacdbbFzz

ca

zifdbacdbbaF
dbca

dba

zif
z

zz
dabcdbaFzz

dacb

dbca

zg

ca

bcab

ba

ab

dab

dba

0

0,;;1,,
,

1

0;1;,1
,,

,1

0,;;1,,

1

11

1

121

11

1

11

1

































                                                                                                                                     (8) 
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Where  

     and                                                   

 

   
       

     
   

   

   
       

     
   

   

   
     

   
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Proof: From Equation (1), the joint pdf of YXZ   and Y is given by
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Thus, the marginal pdf of Z is 
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has been applied. Solving above integral 

using (6), we get the last part of Equation (8). 

  

 Integration of   zg in (8) with respect to Z  and using (7),  leads to Equation (9), 

which completes the proof.  

            The different plots of "Figure 1" illustrate the shapes of the pdf of Z  for 

selected values of ,,,,, dandcba  where it is obvious that the effect of the 

parameters is evident. 
  

 

    a                                                                              b                                                                                                                 

 Fig. 1 Plots of the pdf of YXZ   for (a): 2,2   ; when a=1 (b=c=d=3) ,when b=1 (a=c=d =3) ,when c=1 

(a=b=d=3),when d=1 (a=b =c=3).  (b):
 

1,2   ; when a=1 (b=c=d=3) ,when b=1 (a=c=d =3) ,when c=1 (a=b=d=3),when 

d=1 (a=b =c=3). 

Theorem 2: If X and Y are jointly distributed random variables with the joint pdf (1) 
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Proof: Using (1), the joint pdf of YXR  /  and Y is given by 
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Thus, the marginal pdf  of R is
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where the transformation  yru 
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
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



1 . Using (4) we obtain (10). 

          Equation (11) is obtained by integration of  rg  in (10), with respect to .r  

completes the proof of the theorem.   

Remark: 

The pdf of YXR  / when     is given by  
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see ) N.A.Mokhlis etal. [2013]( 

 

Figure 2 with its variants plots illustrates the shapes of the pdf of R for 

selected values of cba ,,,,  and d  where it is obvious that the effect of the 

parameters is evident.    
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a                             

                                                             

b 

Fig. 2 Plots of the pdf of YXR  / for (a): 2,1   when a=1 (b=c=d=3) ,when b=1 (a=c=d=3) ,when c=1 (a=b=d=3),when 

d=1 (a=b=c=3). (b) :
 1,2    when   a=1 (b=c=d=3) ,when b=1 (a=c=d=3) ,when c=1 (a=b=d=3),when d=1 (a=b=c=3).
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Proof: From Equation (1), the joint pdf of X  and XYP   is given by              
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Thus, the marginal pdf of P  can be written as  
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Hence the pdf can be rewritten as the result given in Equation (12). To obtain 

the cdf of P , integration of  pf  in (12) with respect to P and using (7), leads to the 

result (13), which completes the proof. 
  

Remark: 

When 2,1    or 1,2   .Then pdf of XYP     gives the same results.  

Figure 3 illustrates the shapes of the pdf of P  for selected values of cba ,,,,  and  

d , of course, it is obvious that the effect of the parameters is evident.
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A   b        
  

  Fig. 3 Plots of the pdf of XYP  for (a): 2,2   , when a= 1 (b=c=d=3), b= 1 (a=c=d=3), when c=1  (a=b=d=3),   

when d=1 (a=b=c=3). (b): 1,2   , when a= 1 (b=c=d=3), b= 1 (a=c=d=3), when c=1  (a=b=d=3),   when d=1 

(a=b=c=3).  

Remark: It is evident that there is similarity in the curves of plots when a=1,c=1.      

 3. Moments             

For deriving the moments of Z , R  and P , we need the following lemma:                                                     

Lemma1 If X and Y are jointly distributed random variables with  the  joint pdf  in 

(1),  then 

     dmbmcnaKYX mn ,,                                                   (14)

  

  for 0,0,0  mcmbna  and 
   dbBcaB

K
,,

1
   

Proof: Knowing that  

(05                                                  )    ,, dydxyxfYXYX mnmn

 








 

and substituting with (1) into (15), we get                                                                      

      dydxyxxyxKYX
d

x
dbcbmanmn 1

1

0

1

0

11 11



     

      

                        dxdy
x

y
xyxxK

dx

bmdbcan )]
1

11[(1

11

0

1

1

0

1














   

          Using the transformation ,
1 x

y
u


  we obtain  

 

          dxduxuxuxxKYX
dbmbcanmn )11]1[(1

1
1

0

1

0

111 


 
                                                             

    ,11
1

1

0

1

0

111 duuudxxxK
dbmmcan      

0

2

4

6

8

10

0 0.5 1 1.5
P 

a=1

c=1

b=1

d=1

0

5

10

15

20

0 0.2 0.4 0.6
P 

a=1

c=1

b=1

d=1



 
 

13 

Solving the integral, we obtain the result (14). This completes the proof of the 

lemma. 

      

 
                      

Theorem4: If X and Y are jointly distributed according to the joint pdf (1), and 

,YXZ    then 
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Applying (14),  we obtain the result (16).
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.1,1  cb where  

Also, if m=2, then 

                         

 

 

and hence 
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Theorem6: If X and Y are jointly distributed according to the joint pdf  (1), and 

P=αβXY, then 
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Proof: Setting nm    in the relation (14), we get the result (18), thus completing the 

proof. 
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4. Application 
 

Here, we provide an application of the results in Sections 2 and3. We use the data set 

on compositions of lavas from Skye (see Nadarajah and Kotz [2007]). The three 

variables are: A = sodium and potassium oxides, F = iron oxide and M = magnesium 

oxide. 
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Note that each column in Table 1 add to 1.Our interest is showing the 

differences, ratios and products of  proportions  of A and F, the proportions of A and 

M , and  the proportions of F and M. An obvious model in this situation would be the 

generalized Dirichlet distribution given by the joint pdf (1). 

 

M F A 

1.10 1.15 1.55 

1.15 1.11 1.55 

1.15 1.10 1.10 

1.10 1.10 1.15 

1.0 1.5 1.1 

1.10 1.51 1.30 

1.05 1.50 1.50 

1.00 1.51 1.50 

1.00 1.50 1.53 

1.00 1.50 1.55 

1.00 1.0 1.50 

1.55 1.53 1.55 

1.55 1.51 1.51 

1.53 1.55 1.55 

1.55 1.50 1.55 

1.55 1.50 1.5 

1.55 1.05 1.00 

1.50 1.50 1.00 

1.35 1.51 1.01 

1.35 1.55 1.03 

1.35 1.55 1.03 

1.30 1.10 1.01 

1.5 1.50 1.51 

Table 1. Data on compositions of lavas from Skye. 

 

The distribution in (1) reasonably fits the three bivariate data sets on 

proportions: data set 1 containing the values ( A , F ), data set 2 containing the values 

( A , M ), and data set 3 containing the values ( F , M ).Table2 gives the estimates of 

a , b , c  and d , which were obtained using the maximum likelihood method (see 

Nadarajah and Kotz [2007]).   Table 3 gives estimated values of the moments  Z ,

 R  and  P  with different value of  , obtained using (16), (17) and (18) 

respectively.   
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Table 2 Estimated values of a , b , c  and d . 

 

( F , M ) ( A , M ) ( A , F ) Data set 

1.5031 1.0010-  -1.6496 2,2    ZE  

1.0030 1.0015 1.5510-  1,2    ZE  

1.0105 1.1051-  1.0510-  2,1    ZE  

1.1100 0.0001 1.5500 2,2    RE  

0.0001 3.0050 0.0030 1,2    RE  

5.5510 1.0035 1.5001 2,1    RE  

1.1050 1.0013 1.5550 2,2    PE  

1.5100 1.1050 1.5001 1,2    PE  

1.5100 1.1050 1.5001 2,1    PE  

Table  3  Estimated  ZE ,  RE and  PE .  
  

We see that results in Table (3) are consistent with graphs in Figures 4-12, 13-18 and  

19-24 .Show the fitted pdfs of Z  given by (8), of R  given by (10), of P  given by (12) 

using the estimated parameters and using data. 
 

 
Fig. 4 Fitted pdf of Z= αX  -βY given by (8) when α=2,β=2 and  X is sodium and potassium oxides and Y is iron oxide. 
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Fig. 5 Fitted pdf of Z= αX  -βY given by (8) when α=2,β=2 and X is sodium and potassium oxides and Y is magnesium 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6 Fitted pdf of Z= αX  -βY given by (8) when α=2,β=2 and X is iron oxide and Y is magnesium oxide 

 
 

Fig. 7 Fitted pdf of Z= αX  -βY given by (8) when α=2,β=1 and  X is sodium and potassium oxides and Y is iron oxide. 
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Fig. 8 Fitted pdf of Z= αX  -βY given by (8) when α=2,β=1 and X is sodium and potassium oxides and Y is magnesium 
 

 

 

Fig. 9 Fitted pdf of Z= αX  -βY given by (8) when α=2,β=1 and X is iron oxide and Y is magnesium oxide 

 

Fig. 10 Fitted pdf of Z= αX  -βY given by (8) when α=1,β=2 and  X is sodium and potassium oxides and Y is iron oxide. 
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Fig. 11 Fitted pdf of Z= αX  -βY given by (8) when α=1,β=2 and X is sodium and potassium oxides and Y is magnesium 

 

 

Fig. 12 Fitted pdf of Z= αX  -βY given by (8) when α=1,β=2 and X is iron oxide and Y is magnesium oxide 

 

 

Fig. 13 Fitted pdf of R= αX/βY given by (10) when α=2,β=1 and  X is sodium and potassium oxides and Y is iron oxide. 
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 Fig. 14 Fitted pdf of R= αX/βY given by (10) when α=2,β=1 and X is sodium and potassium oxides and Y is magnesium oxide. 

 

                                                                                  

  Fig. 15 Fitted pdf of R= αX/βY given by (10) when α=2,β=1 and X is iron oxide and Y is magnesium oxide. 

 

 

 Fig. 16 Fitted pdf of R= αX/βY given by (10) when α=1,β=2 and  X is sodium and potassium oxides and Y is iron oxide. 
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Fig. 17 Fitted pdf of R= αX/βY given by (10) when α=1,β=2 and X is sodium and potassium oxides and Y is magnesium oxide. 

 

  
Fig. 18 Fitted pdf of R= αX/βY given by (10) when α=1,β=2 and X is iron oxide and Y is magnesium oxide. 

 

 

 Fig. 19 Fitted pdf of P =αβXY given by (12) when  α=2,β=2X is sodium and potassium oxides and Y is iron oxide. 
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Fig. 20 Fitted pdf of P =αβXY given by (12) when  α=2,β=2X is sodium and potassium oxides and Y is magnesium oxide. 

 

 
Fig. 21 Fitted pdf of P =αβXY given by (12) when  α=2,β=2X is iron oxide and Y is magnesium oxide. 

 

 

Fig. 22 Fitted pdf of P =αβXY given by (12) when  α=2,β=1 X is sodium and potassium oxides and Y is iron oxide. 
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Fig. 23 Fitted pdf of P =αβXY given by (12) when  α=2,β=1X is sodium and potassium oxides and Y is iron oxide. 

 

 

Fig. 24 Fitted pdf of P =αβXY given by (12) when  α=2,β=1X is iron oxide and Y is magnesium oxide. 

 

Clearly from Figures 4-12, 13-18 and 19-24, we can see that the data fits the given 

distributions.   

                   

Conclusions. 

The exact distributions of PandRZ, derived have complex forms involving the 

Gauss hyper geometric and the Appell function, we deduce approximate distributions 

for these variables depending on beta type I and type II distributions. 
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