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للعلوم  الحديثة مجلة جامعة بنغازيشروط كتابة البحث العلمي في 
 والدراسات الإنسانية

 

 كهًح(. 051انًهخض تانهغح انؼشتٛح ٔتانهغح الاَعهٛضٚح ) -1

 انًمذيح، ٔذشًم انرانٙ: -2

 .)َثزج ػٍ يٕضٕع انذساسح )يذخم 

 .يشكهح انذساسح 

  .أًْٛح انذساسح 

  .أْذاف انذساسح 

  .انًُٓط انؼهًٙ انًرثغ فٙ انذساسح 

 انرٕطٛاخ(. -انخاذًح. )أْى َرائط انثحس  -3

 لائًح انًظادس ٔانًشاظغ. -4

 .انًشاظغانًظادس ٔ( طفحح يرضًُح انًلاحك ٔلائًح 55ػذد طفحاخ انثحس لا ذضٚذ ػٍ ) -5

 القواعد العامة لقبول النشر
 ا انششٔط اٜذٛح:ذمثم انًعهح َشش انثحٕز تانهغرٍٛ انؼشتٛح ٔالاَعهٛضٚح؛ ٔانرٙ ذرٕافش فٛٓ    .0

 ،ًػهٗ الأطٕل انؼهًٛح ٔانًُٓعٛح ٔذرٕافش فّٛ ششٔط انثحس انؼهًٙ انًؼرًذ  أٌ ٚكٌٕ انثحس أطٛلا

يٍ حٛس الإحاطح ٔالاسرمظاء ٔالإضافح انًؼشفٛح )انُرائط( ٔانًُٓعٛح ٔانرٕشٛك ٔسلايح انًرؼاسف ػهٛٓا 

 .انهغح ٔدلح انرؼثٛش

 ٖأٔ يسرم يٍ سسانح أٔ اطشٔحح ػهًٛح ألا ٚكٌٕ انثحس لذ سثك َششج أٔ لذٌو نهُشش فٙ أ٘ ظٓح أخش. 

 ٌٔيطثٕػاَ ػهٗ يهف ٔٔسد،  -إٌ ٔظذخ  - ٚكٌٕ انثحس يشاػٛاً نمٕاػذ انضثظ ٔدلح انشسٕو ٔالأشكال أ

 Times New( تخظ )05( نهغح انؼشتٛح. ٔحعى انخظ )'Arial 'Body( ٔتخظ )01حعى  انخظ )

Roman.نهغح الإَعهٛضٚح ) 

 ُأٍٚ ٔانثٛاَاخ الإٚضاحٛحأٌ ذكٌٕ انعذأل ٔالأشكال يذسظح فٙ أياكُٓا انظحٛحح، ٔأٌ ذشًم انؼ.  

 أٌ ٚكٌٕ انثحس يهرضيا تذلح انرٕشٛك حسة دنٛم ظًؼٛح ػهى انُفس الأيشٚكٛح APA))  ٔذصثٛد ْٕايش

 انًشاظغ فٙ َٓاٚح انثحس ػهٗ انُحٕ اٜذٙ:انًظادس ٔانثحس فٙ َفس انظفحح ٔ

  ٙانًظذس،  رنك ػُٕاٌأٌ ذصُثد انًشاظغ تزكش اسى انًؤنف، شى ٕٚضغ ذاسٚخ َششج تٍٛ حاطشذٍٛ، ٔٚه

 .انظفحح ٔسلىٔسلى انعضء، يرثٕػاً تاسى انًحمك أٔ انًرشظى، ٔداس انُشش، ٔيكاٌ انُشش، 

 :ٚزُكش اسى  ػُذ اسرخذاو انذٔسٚاخ )انًعلاخ، انًؤذًشاخ انؼهًٛح، انُذٔاخ( تٕطفٓا يشاظغ نهثحس

شى ركش اسى انًعهح، شى سلى طاحة انًمانح كايلاً، شى ذاسٚخ انُشش تٍٛ حاطشذٍٛ، شى ػُٕاٌ انًمانح، 

 .انظفحح انًعهذ، شى سلى انؼذد، ٔداس انُشش، ٔيكاٌ انُشش، ٔسلى

يشكهح انذساسح،  كهًح( تحٛس ٚرضًٍ 051ٚمذو انثاحس يهخض تانهغرٍٛ انؼشتٛح ٔالاَعهٛضٚح فٙ حذٔد )   .2

فٙ َٓاٚح  انشئٛسٛحٔٔضغ انكهًاخ  .انذساسح ، َٔرائطانذساسح يُٓعٛحٔانٓذف انشئٛسٙ نهذساسح، ٔ

 ). انًهخض )خًس كهًاخ
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 تحمٓا فٙ أسهٕب إخشاض انثحس انُٓائٙ ػُذ انُشش.ظايؼح تُغاص٘ انحذٚصح  ذحرفظ يعهح  .3

 النشر إجراءات
 كانرانٙ:  ْٕٔظايؼح تُغاص٘ انحذٚصح  انًٕاد ػثش انثشٚذ الانكرشَٔٙ انخاص تانًعهح ظًٛغ ذشسم

  ٚشسم انثحس( ُانكرشَٔٛا Pdf  +Word )  إنٗ ػُٕاٌ انًعهحinfo.jmbush@bmu.edu.ly  أ َسخح

 ٚظٓش فٙ انثحس اسى انثاحس ٔنمثح انؼهًٙ، ٔيكاٌ ػًهح، ٔيعانّ. تحٛس CDػهٗ 

  ٚشفك يغ انثحس ًَٕرض ذمذٚى ٔسلح تحصٛح نهُشش )يٕظٕد ػهٗ يٕلغ انًعهح( ٔكزنك اسفاق يٕظض نهسٛشج

 إنكرشَٔٛاً.انزاذٛح نهثاحس 

  .لا ٚمثم اسرلاو انٕسلح انؼهًٛح الا تششٔط ٔفٕسياخ يعهح ظايؼح تُغاص٘ انحذٚصح 

  فٙ حانح لثٕل انثحس يثذئٛاً ٚرى ػشضح ػهٗ يُحكًٍُٛ يٍ رٔ٘ الاخرظاص فٙ يعال انثحس، ٔٚرى

يذٖ أطانح اخرٛاسْى تسشٚح ذايح، ٔلا ٚؼُشع ػهٛٓى اسى انثاحس أٔ تٛاَاذّ، ٔرنك لإتذاء آسائٓى حٕل 

انثحس، ٔلًٛرّ انؼهًٛح، ٔيذٖ انرضاو انثاحس تانًُٓعٛح انًرؼاسف ػهٛٓا، ٔٚطهة يٍ انًحكى ذحذٚذ يذٖ 

 طلاحٛح انثحس نهُشش فٙ انًعهح يٍ ػذيٓا.

  ٚخُطش انثاحس تمشاس طلاحٛح تحصّ نهُشش يٍ ػذيٓا خلال شٓشٍٚ يٍ ذاسٚخ الاسرلاو نهثحس، ٔتًٕػذ

 ُٛشش فّٛ انثحس.انُشش، ٔسلى انؼذد انز٘ س

  فٙ حانح ٔسٔد يلاحظاخ يٍ انًحكًٍُٛ، ذشُسم ذهك انًلاحظاخ إنٗ انثاحس لإظشاء انرؼذٚلاخ انلاصيح

 .ػششج أٚاوتًٕظثٓا، ػهٗ أٌ ذؼاد نهًعهح خلال يذج ألظاْا 

 .ٍٛالأتحاز انرٙ نى ذرى انًٕافمح ػهٗ َششْا لا ذؼاد إنٗ انثاحص 

 اخ ٔتحٕز ٔػشٔع ذؼثش ػٍ أساء أطحاتٓا.فًٛا ُٚشش يٍ دساس الأفكاس انٕاسدج 

 يٍ انًٕاد انًُشٕسج فٙ انًعهح يشج أخشٖ. إ٘ َشش لا ٚعٕص 

 ( ِ511( دُٚاس نٛثٙ إرا كاٌ انثاحس يٍ داخم نٛثٛا، ٔ )د.ل 111ٚذفغ انشاغة فٙ َشش تحصّ يثهغ لذس $ )

 -ليبيا  –بنغازي (: حٕٚم ْٕػهًاً تأٌ حساتُا انماتم نهر .دٔلاس أيشٚكٙ إرا كاٌ انثاحس يٍ خاسض نٛثٛا

. الاسم )صلاح الأمين 0000-445520-000 ، رقمبنغازي -الرئيسي فرع المصرف التجارة والتنميت، 

 .عبدالله محمد(

 .ظًٛغ انًٕاد انًُشٕسج فٙ انًعهح ذخضغ نمإٌَ حمٕق انًهكٛح انفكشٚح نهًعهح 

 

info.jmbush@bmu.edu.ly 

00218913262838 

 

 د. طلاغ الأيٍٛ ػثذالله                                                                           

 سئٛس ذحشٚش يعهح ظايؼح تُغاص٘ انحذٚصح                                                               

                 Dr.salahshalufi@bmu.edu.ly 
  

 

 

https://ws01.server.ly:8443/smb/email-address/edit/id/985
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Pfaffian Differential Equation and It's Solutions 
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ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  
 

 

ABSTRACT 

     

The aim of this paper, is to discuss and solve differential equations with one 
independent variable and more than one dependent variables, through using 
given easy method procedure technique to obtain the best solutions, depending 
on the type of the problem. 

Keywords: Pfaffian equation, dependent variable, independent variable, 
integrability, auxiliary equations,  homogeneous equations.  

 

INTRODUCTION 

In this paper, we discuss differential equations with one independent variable 
and more than one dependent variables. 

Pfaffian differential equation (denoted by Pf DE). Let                

be n functions of some or all of   variables                

Then ∑       
 
      is called a Pfaffian differential equation in   

variables                

 

Total (or single)Differential Equations: 

      

     An equation of the form                                                                      (1) 

      

Where         are function of         is called the single or total  
differential equation in three variables        . 

      Equation (1) cab be directly integrated if there exists a function  (     ) 
whose total differential    is equal to the left side of (1). In other cases (1) may 
or may not be integrable. We now proceed to find the condition which         
must satisfy, so that (1) be integrable. This is called the condition of integrability 
of the single differential equation (1). 

 

Necessary and sufficient conditions for integrability of the total 
differential equation:  

     Let (1) has an integral                              (     )                                                   (2) 
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Then the total differential    must be equal to            , or to it is 
multiplied by a factor. But, we know that   

                                             (    ⁄ )   (    ⁄ )   (    ⁄ )                       (3) 

      Since (2) is an integral of (1),         should be proportional to 
    ⁄      ⁄      ⁄   

     Therefore            
    ⁄

 
 

    ⁄

 
 

    ⁄

 
  (     )  since. 

              ⁄                 ⁄   and              ⁄                                               (4) 

From the first two equations of (4), we get 

                     
 

  
(  )  

   

    
 

   

    
 

 

  
.
  

  
/  

 

  
(  ) 

 or            
  

  
  

  

  
  

  

  
  

  

  
                      .

  

  
 

  

  
/   

  

  
  

  

  
               (5) 

Similarly                          .
  

  
 

  

  
/   

  

  
  

  

  
                                                            (6) 

 and                                  .
  

  
 

  

  
/   

  

  
  

  

  
                                                             (7) 

      By multiplying (5), (6) and (7) by     and   respectively and adding to 
each other, it follows that 

                    .
  

  
 

  

  
/   .

  

  
 

  

  
/   .

  

  
 

  

  
/                                                 (8) 

      This is, the necessary and sufficient condition for integrability of the 
equation(1). 

Sufficient condition: Suppose that the coefficients         satisfy the relation (8). 
Now it can be proved that this relation gives the required sufficient condition for 
the existence of an integral of (1). For this condition it can be shown that an 
integral of (1) can be found when relation (8) holds. 

      We first prove that if we take                      where   is any 
function of      and  , the same condition is satisfied by both groups             
and         we have 

     
   

  
 

   

  
  

  

  
  

  

  
 . 

  

  
  

  

  
/  as       and          

or                          
   

  
 

   

  
  .

  

  
 

  

  
/   

  

  
  

  

  
                                                (9)    

     Similarly           
   

  
 

   

  
  .

  

  
 

  

  
/   

  

  
  

  

  
                                            (10) 

 and                        
   

  
 

   

  
  .

  

  
 

  

  
/   

  

  
  

  

  
                                            (11) 

      Multiplying (9), (10) and (11) by          respectively, adding, and 
replacing             by            respectively in resulting R.H.S., we obtain 

      .
   

  
 

   

  
/    .

   

  
 

   

  
/    .

   

  
 

   

  
/ 

                      { .
  

  
 

  

  
/   .

  

  
 

  

  
/   .

  

  
 

  

  
/}                                 (12) 
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      Now         may be regarded as an exact differential. For if is not so, 
then Multiplying the equation (1) by the integrating factor  (9), (10) and (11) by 
 (     )  we can make it so. Thus there is not loss of generality in regarding 
        as an exact differential. For this the condition is: 

                                               ⁄⁄                                                                               (13) 

     Let                            ∫(       )                                                                          (14) 

then it follows that                 ⁄    and           ⁄                                          (15)   

     From (15)           
  

  
 

   

    
             and                

  

  
 

   

    
  

     Using the above relation, (13) and (15), (8) gives 

         
  

  
.

   

    
 

  

  
/  

  

  
.
  

  
 

   

    
/      or     

  

  

 

  
.
  

  
  /  

  

  

 

  
.
  

  
  /    

or                                 |

  

  
  

 

  
.
  

  
  /

  

  
  

 

  
.
  

  
  /

|    

      This shows that a relation independent of   and   exists between   ands 
(    )⁄   .  

      Consequently (    )⁄    can be expressed as a function of   and   
alone. That is, we can take (    )⁄     (   )                                                    (16) 

     Now.                 
  

  
   

  

  
   .

  

  
  /  ,  using (14) and (16) 

                       .
  

  
   

  

  
   

  

  
  /              

      Thus (1) may be written as          which is an equation in two 
variable. Hence its integration will give an integral of the form   

                                                                 (   )     

     Hence the condition (8) is sufficient. 

     Thus (8) is both the necessary and sufficient condition that (1) has an integral. 
 

Theorem: Prove that the necessary and sufficient conditions for integrability of 
the total differential equation  

                                                  is            

Proof: Given                                                                                   (17)    

Let                        so that                                                      (18)    

and                                                                                                                    (19)       

Then we see that (17) satisfied by usual rule of dot product of two vectors 
  and      

Now show that the necessary condition for integrability of (17) is    

                       .
  

  
 

  

  
/   .

  

  
 

  

  
/   .

  

  
 

  

  
/                                           (20)     

From vector calculus, we know that 
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                 .
  

  
 

  

  
/    .

  

  
 

  

  
/    .

  

  
 

  

  
/                                       (21)    

      Hence, using (19) ,  (21) and  applying the usual rule of dot product of two 
vectors, the necessary condition (20) may be rewritten as,  

                             as desired. 

 

The conditions for exactness of (1): 

The given total differential equation is said to be exact if the following three 
conditions are satisfied 

                  ⁄⁄             ⁄⁄     and                ⁄⁄                      (22) 

      Note that when conditions (22) are satisfied, the conditions for 
integrability of equation (1) is also satisfied, for each term of (20), vanishes 
identically.  

 

Methods of solving equation (1): 

There are several methods of solving (1). We  know that (1) integrable  when the 
following conditions satisfied equation(20). 

 

1) Special Method I Solution homogeneous equation: 

      The equation (1) is called homogeneous equation if       are 
homogeneous functions of       of the same degree. 

      There are two following working rules to solve such equations.  

 

Working rule I. Solution by use an integrating factor (I.F.): 

Step 1: As usual, verify that the given is integrable. 

Step 2: Calculate            . If it is not equal to zero, then 
 (           )⁄  is taken as I.F. (Integrating factor) of the given equation. 
I.F.=   ⁄  where                 

Step 3: Multiply the given equation by I.F. (  ⁄ ) where   denotes denominator 
of I.F. 

Find  ( )     total differential of  . Now add and subtract  ( ) from the 
numerator.  

Write the given equation in the form   
 ( )  

 
      or      

 ( )

 
     and 

then integrate. 

Working rule II: The first method fails when equation (1), in such cases we apply 
the following method which is applicable to all homogeneous equations. 

Step 1: Do same as done in step 1 of working rule 1. 

Step 2: Put                  so that                and           . 
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Substituting these in the given equation two cases may arise. 

Case I. if the coefficient of    is zero, we shall have an equation in only two 
variables   and  . By regrouping properly, it can be easily integrated. 

Case II. if the coefficient of    is not zero, then we shall be able to separate   from 
  and  . Thus the resulting equation will be of the form 

                          
  (   )     (   )  

 (   )
 

  

 
                                                                              (a) 

     We now denote  (   ) by   and find  ( ). Add and subtract  ( ) as 
done in step 3 of the working rule 1. Finally we integrate, after integration   and 
  are replaced by   ⁄  and   ⁄  respectively so as to get the desired solution in 
    and    

Note. Sometimes integration of (a) is possible without assuming   etc. Hence we 
use   only when it helps to integrate equation (a). 

Examples: 

Example(1): Solve     (     )               

  Sol. Given                (     )                                                                  (i) 

Comparing the given equation with              , we have 

                             ,          ,              and let                   

The condition of intgrability is satisfied  

Now,            (     )            (   )                                              (ii) 

Multiplying (i) by integrating factor    ,        
(     )            

 
                   (iii) 

Now     ( )   ,  (   )-  (       )(   )    (     ) 

or         ( )   (   )    (    )                                                              (iv) 

Re-writing, the numerator of (iii)  

       ( )   ( )  (     )              ( )     (     )  by (d). 

        (iv) becomes     
 ( )

 
 

   (     )

 
           or         

 ( )

 
 

   (     )

  (   )
     

so that                   
 ( )

 
 

 (     )

   
    

Integrating,              (   )         or      (   )  

or                                  (   )   (   )     or          (   )  

which is the required solution,   being an arbitrary constant. 

Verify the usual condition of integrability. 

Let       and       so that              and             

Putting these values of            in (i), we get  

       (      )(       )     (       )           

                             (   )           (   )         
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Dividing by  (   )   we get       
  

 
 

  

   
 

  

 
   

Integrating,     ( )     (   )     ( )      ( )   or         (   ) 

or   (   )   (     )   or       (   )   as           and       

Example(2): 

            Solve(      )   (      )   (        )     

Sol: As usual, verify that the given equation is integrable. 

Since the given equation is homogeneous, we put 

      and      so that              and              (i) 

Putting these in the given equation, we get 

           (        )(         )  (        )(       ) 

                                                               (              )     

or        (    )(         )  (    )(       )  (        )     

or                          ,(    )   (    )  - 

                              , (    )   (    )  (        )-     

or                 ,     (       )      -  (        )     

or                                 ,     (  )     -  (        )     

or                                            
 (        )

         
  

 
   

Integrating,         ((        )     ( )      ( )  

or     ((        )       or      .
  

   
 

 
 

 

 
 

  

  /        or                 

 

2) Special Method II use of auxiliary equations: 

      Computing (1) and (8), we obtain simultaneous equation, known as 
auxiliary equations 

                            
  

    ⁄      ⁄
 

  

    ⁄      ⁄
 

  

    ⁄      ⁄
                                            (a) 

     Let      and      be two integrals, the following equation 

                                                                                                                                 (b) 

     Compare (1) and (b) and thus get values of   and  . Put these values of   
and   in (b) and then integrate the resulting equation. Now substitute the values 
of   and   in the relation after integration. We thus obtain the required general 
solution. 

Note 1: Method II discussed will fail in case the equation (1) in exact,     , when   

                  ⁄      ⁄   ,       ⁄      ⁄    and        ⁄      ⁄  

Note 2:  This method is generally applied when solution by method 1is not 
convenient. 
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Example: Solve 

              (        )   (        )   (        )     

Sol. Given  

      (        )   (        )   (        )                             (i) 

Comparing (i) with                we have 

                                                                               (ii) 

The auxiliary equations of the given equation are 

                       
  

    ⁄      ⁄
 

  

    ⁄      ⁄
 

  

    ⁄      ⁄
 

                     
  

(    ) (    )
 

  

(    ) (    )
 

  

(    ) (    )
 

                                            
  

   
 

  

   
 

  

   
                                                                           (iii) 

     Each member of (iii)  
        

           
 

        

 
 

so that                                                                                                                 

     Integrating,                                                                                               (iv) 

      Again, using multipliers              each member of (iii) 

  
(   )   (   )   (   )  

(   )(   ) (   )(   ) (   )(   )
 

(       ) (       ) (       )

 
 

 (  )  (  )  (  )

 
 

so that    (  )   (  )   (  )       integrating                         (v) 

      We now proceed to determine two functions   and   in such a manner so 
that given equation (i) becomes identical with                                       (vi) 

      Using (iv) and (v), (vi) reduces to          (     )    (      
  )    

or          (        )   (                       )    

or    *   (   )+   *   (   )+   *   (   )+                      (vii) 

     Comparing (vii) with (i), we have 

                                 (   )                                                                       
(viii) 

                                 (   )                                                                         (ix) 

                                 (   )                                                                          (x) 

     Subtracting (ix) from (viii), we get 

                         (   )         (   )  (   )(     ) 

                                      by (iv)                                                                      (xi) 

     From (viii)                      (   ) 

                                           (     )(   ) by (i) 

                                           (               ) 
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     Thus,                  (        )    or          by (5)                                   (xii) 

     Using (xi) and (xii), (vi) becomes  

                                    or           (   )   (   )   

     Integrating             ( )     ( )      ( )      or          

or                                     (     ) by (iv) and (v). 

 

3) General Method III of solving equation (1) by taking one variable as 
constant: 

Step 1: First verify the condition of integrability. 

Step 2: we now treat one of the variables, say z, as a constant           then the 
resulting equations is reduced to                                                                   (a)  

      We should select a proper variable to be constant so that the resulting 
equation in the remaining variables is easily integrable. Thus this selection will 
vary from problem to problem. The present discussion is for the choice 
            For other cases the necessary changes have to be made in the 
entire procedure. 

Step 3: Let the solution of (a) by  (   )   ( ), where  ( ) is an arbitrary 
function of  . Note that in place of taking merely an absolute constant, we have 
taken  ( ).This is possible because the arbitrary function  ( ) is constant with 
respect to   and  . This  is in keeping without starting assumption, namely 
          . Thus the solution of (a) is of the form 

                                           (   )   ( )                                                                                (b) 

Step 4: We now differentiate (b) totally with respect to       and then compare 
the result with equation (1). 

     After comparing we shall get an equation in two variables   and  . If the 
coefficient of    or    involve functions of   and  , it will always be possible to 
remove them by using (b). 

Step 5: Solve the equation got in step 4 and obtain  . Putting this value of   in (b), 
we shall get the required solution of the given equation. 

Remarks: Many equations can be solved by this method, but the method may be 
become tedious in some problems.  

We shall apply this method whenever there is no difficulty in solving the 
equation obtained by treating one variable as constant.           

Examples: 

Example(1): Solve           (          )      (          )   

   (                  )     

Sol. As usual verify that the given equation is integrable. Let   be treated as 
constant, so that     . Then the given equation becomes 

             (          )      (          )     
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or            
          

     
          

                  .
    

 
/   .

    

 
/    

     Integrating it,                              
    

 
 

    

 
  ( ) say                                                 (i) 

where  ( ) is taken as constant of integration as   is treated as constant. 

     Differentiating (i),     
          

     
          

       ( )   

or           (          )      (          )          ( )                (ii) 

     Comparing (ii) with the given equation, we have 

                            ( )    (                  ) 

or                     ( )  
    

 
 

    

 
       ( )        using (i) 

or           
  

  
 

 

 
   

    

 
 which is a linear differential equation. 

     Its       ∫(   )        ( )    and its solution is 

       ( )  ∫  . 
    

 
/              or  .

    

 
 

    

 
/         using (i). 

Example(2): Verify that the following equation is integrable and find its primitive  

                              (      )   (      )      

Sol. Given           (      )   (      )                                                 (i) 

     Treating    as constant so that        (i) reduces to 

                           (      )   (      )     

or                       (       )   (       )                                                           (ii) 

     integrating (ii) and remembering that   is being regarded as constant, we get 
(    )(     )       ( )   being an arbitrary function.                               (iii) 

     differentiating (iii), we have 

                (     )  (    )(         )                   ( )   

or         , (     )       ( )-   (      )   (      )     

     comparing the above equation with (i), we have 

           (     )       ( )       or      (     )        ( ) 

or       (    )(     )      (   )    ( )        or        (   )    ( ) by (iii) 

or        (   )  (     ) or  (   )   (   )   so that  ( )      

     Putting this value of  ( ) in (iii), the required primitive is 

            (    )(     )                 or        (        )        
 

4) Solution of (1) if it is exact and homogeneous of degree    : 

Theorem:            is the solution of equation (1), when it is exact and 
homogeneous of degree    . 

Proof: Given solution is                                                                                 (a) 
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Differentiating (a), we obtain 

      .   
  

  
  

  

  
  

  

  
/    . 

  

  
    

  

  
  

  

  
/    

      . 
  

  
  

  

  
    

  

  
/                                                                                     (b) 

     Since equation (1) is exact, we have  

                             ⁄      ⁄  ,      ⁄      ⁄    and        ⁄      ⁄            (c) 

     Using relation (c) , (b) may be re-written as 

       .   
  

  
  

  

  
  

  

  
/   .   

  

  
  

  

  
  

  

  
/   

         .   
  

  
  

  

  
  

  

  
/                                                                                  (d) 

      Since equation (1) is homogeneous of degree  , it follows that      and   
are all homogeneous functions of degree  . Using Euler's theorem on 
homogeneous functions  (     )   (     ) and  (     ) of degree   we get 

                     
 (    ⁄ )   (    ⁄ )   (    ⁄ )    

 (    ⁄ )   (    ⁄ )   (    ⁄ )    

 (    ⁄ )   (    ⁄ )   (    ⁄ )    

}                                              (e) 

and  

     Using (e), (d) reduces to 

             (    )   (    )   (    )     

or         (   )(           )     

or         (           )        as         so that   (   )                           (f) 

which is given differential equation and hence (a) is solution of (f) as required. 

Example : Solve (      )   (     )   (   )     

Sol. Given   (      )   (     )   (   )                                         (i) 

     Comparing (i) with                we have 

               ,                           and                                               (ii) 

     (i) is homogeneous equation of degree         Also from (ii), we get  

          (     )                 ,        (     )         ,  

                               (     )                                                                                 (iii) 

     (iii) shows that (i) is exact. Thus, (i) is exact and homogeneous of degree 
        Hence, solution of (i) is give by               

or        (      )   (     )   (   )    

or                             being an arbitrary constant. 
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