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On GA- Sets and GA Continuous Functions in
Grill Topological Spaces

1Samiha Mustafa Soliman & *Tibera Mohamed Ali

(Assistant Lecturer. Faculty of Science, (Mathematics department). University of
Ajdabiya. Libya

Abstract.

In this paper, We introduce the notion of a regular- G-closed set, GA-set by using
regular- G-closed set and study some of its properties, we also investigate the relation
between such sets with other grill sets Furthermore, by using GA-set, we obtain new
decompositions of continuity. Then we show that a function f: (X, 7, G) — (Y, 0) IS
continuous if and only if it is G-a-continuous and GA-continuous.

Keywords: grill topological space, decomposition of continuity, regular closed set,
A-set, regular- G-closed set, GA-set.
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1. Introduction.

The idea of grill on a topological space was first introduced by Choquet [5] in 1947.
The concept of grills has shown to be a powerful supporting and useful tool like nets
and filters, for getting a deeper insight into further studying some topological notions
such as proximity spaces, closure spaces and the theory of compactifications and
extension problems of different kinds (see [4], [6], [12] for details). In 2007, Roy and
Mukherjee [20] defined and studied a typical topology associated rather naturally to
the existing topology and a grill on a given topological space. Quite recently, Hatir
and Jafari [9] have defined new classes of sets in a grill topological space and
obtained a new decomposition of continuity in terms of grills. In [3], Ravi and
Ganesan have defined and studied G-a-open sets and G-a-continuous functions in grill
topological spaces. In 2004, A. keskin, T. Noiri and S. yuksel [14] proved that the
function f: (X, 1, I) — (Y, o) is continuous if and only if it is a-I-continuous and A-
I- continuous in ideal topological spaces . We extend this decomposition of continuity
in terms of grill.

In this paper, we introduce regular- G-closed set, A-set, GA-continuous
functions and investigate the relation between such sets with other grill sets
(functions) and obtain a decomposition of continuity. Then we show that a function f :
X, 1, §) — (Y, o) is continuous if and only if it is G-a-continuous and GA-
continuous.

2. PRELIMINARIES.

Throughout this paper, (X, 1) or X represent a topological space on which no
separation axioms are assumed unless otherwise mentioned. For a subset A of a space
X, cl(A) and Int(A) denote the closure and the interior of A respectively. The power
set of X will be denoted by P(X). A subset A is said to be regular closed if
A = cl(Int(A)).

Definition 2.1. [10] A nonempty collection G of subsets of a topological spaces X is
said to be a grill on X if

LHoeg.

(2)AegGand AcBc X implies B € g.

(3)A,Bc Xand AuB e gGimplies AeGorBEeg.

If (X, 1) is a topological space with a grill G on X. Then, we call it a grill
topological space and denotes it by (X, t, G).

Definition 2.2 [10] Let (X, 1) be a topological space and G be a grill on X. We define
a mapping @ : P(X) — P(X), as follows:

D(A)=Dg(A,1)={x€X:ANUEG,forall U € 1(x)} for each AEP(X).
The mapping @ is called the operator associated with the grill G and the topology .

Proposition 2.3 [10] Let (X, 1) be a topological space and G be a grill on X. Then for
alA,Bc X:
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(1) A < B implies that ®(A) € ®(B).
(2) If G, and G, are two grillson X and G; € G, , then &, S .
(3) IfA ¢ Gthen ®(A) = 0.

Proposition 2.4 [10] Let (X, t) be a topological space and G be a grill on X. Then for
allA,Bc X:

(1) (A U B) = D(A)U O(B).
(2) (A N B) € O(A)ND(B).
(3) cl(D(A)) = D(A).

(4) cl(D(A)) < cl(A).

(5) O(D(A)) € D(A).

Theorem 2.5 [10] Let G be a grill on a topological space (X, t). If U € t,then U N ®
(A)=UNao UNA), forany A € X.

In addition to the conditions of the above theorem, if each nonempty open set
is a member of the grill, we have:

Theorem 2.6 [10] If G is a grill on a space (X, 1) with t \{@}< G, then for all U € t,
U c o(U).

Definition 2.7 [10] Let (X, 1) be a topological space and G be a grill on X. We define
amap ¥: P(X) —» P(X)

by Y(A) = AU ®(A), forall A € P(X).
Theorem 2.8 [10] The above map W satisfies Kuratowski’s closure axioms.

Proposition 2.9 [7] Let (X, 1) be a topological space and G be a grill on X. Then for
allA,Bc X:

(1) Int(A) S Int(P(A)).

(2) Int(¥(A N B)) € Int(¥(A)).
(3) Int(¥(A)) S P(A).

(4) AC B = ¥(A) € ¥(B).

Theorem 2.10 [8] Let (X, 1) be a topological space and G be any grill on X. Then,
forany A, B€ X

(1) D(A) S (A) S cl(A).
(2) A U ¥(Int(A)) € cl(A).
(3) A € ®(A) and B € d(B) = P(A N B) € ¥(A) N ¥(B).
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Definition 2.11 [10] Corresponding to a grill G on a topological space (X, 1), there
exists a unique topology t; (say) on X given by

15 = {U € X: ¥(X\WU) = X \U}, where forany A € X, ¥(A) = A U ®(A) = t4-ClA.

Example 2. 12 Consider the grill topological space (X, t, G), where X= {a,b,c}, 1
={0, {a}, {b, c}, X} and gG={{a}, {c}. {a c}, {a b}, {b, c}, X}. Then t; = {0,
{a} {c}. {a c}, {b, c}, X}.

Now, we will deal with certain properties concerning the topology ;.

Theorem 2.13 [10]
(1) If G, and G, are two grills on a space X with G; € G,, then g, € T5,.
(2) If Gisagrill onaspace X and B ¢ G, then B is closed in (X, t;).
(3) For any subset A of a space X and any grill G on X, ®(A) is t4-closed.
Proof. (1) Let U € tg,. Then tg,-cl(X \ U) = ¥(X'\ U)

= (X\U) udg (X \U) =(X\U). Thus &g, (X \ U)S (X \ U). Implies that &g (X \
U)c (X\U). So (X\U) =1z -cl(X\U) and hence U €t .

(2) It is obvious that, for B € G, ®(B)= @. Then t4-cl(B) = ¥(B) = BU ®(B) = B.
Hence B is Tg-C|OSEd.

(3) We have, W(D(A)) = D(A) U O(D(A)) = B(A). Thus B(A) is t5-closed.

Theorem 2.14 [10] Let (X, 1, G) be a grill topological space. Then
B(g,1)={VVA:VETA€&G}isanopen base for 5.

Theorem 2.15 [10] Let G be a grill on a space (X, 1) and A be any subset of X such
that A € ®(A). Then

CIA = T4-clA = cl(D(A)) = D(A).

Theorem 2.16 [1] Let G be a grill on a topological space (X, t). If U €1, then
UNYA)S¥PYUNA), forany A € X.
Definition 2.17 A subset A of a topological space X is said to be:

(1) a—open[13]ifA € Int (cl(lnt(A))).

(2) A-set[11]ifA=U NV, where U €t and V is regular closed

Definition 2.18 A subset A of a grill topological space (X, 1, G) is said to be:
(1) G-a-open[1] ifA < Int(¥(Int(a))).
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(2) G-preopen [9] if A € Int(W(A)).
(3) ®-open [9] if A C Int(D(A)).
(4) G-semi-open [1] if A € ¥(Int(A)).

Theorem 2.19 [1] Let A be a subset of a grill topological space (X, t, G).
A subset A of X is G- a-open if and only if it is G -semi-open and G-preopen.

Corollary 2.20 [1] Let (X, T, G) be a grill topological space and A a subset of X. If
G = {X}. Then the following hold:

(1) Ais G - a -open if and only if A is open.
(2) A'is G -preopen if and only if A is open.
(3) A'is G -semi-open if and only if A is open.

3. regular- G-closed sets.

Definition 3.1 A subset A of a grill topological space (X, t, G) is said to be regular-
G-closed if A = @( Int( A)).

The family of all regular- G-closed sets in a grill topological space (X, t, G) is
denoted by R;C(X).

Example 3.2 Let X = {a, b, c,d}, 1= {9, {a, c}, {d}, {a, c, d}, X} and

G={{a}, {b}, {a, b}, {a c}, {a d} {b, c}, {b, d}, {a, b, c}, {a b, d}, {a c, d},
{b, ¢, d}, X} on X. Let A ={a, b, c}. Then A is a regular- G-closed. Since ®(Int(A)) =
®d({a,c}) ={a,b,c} =A.

Definition 3.3 [2] A subset A of a grill topological space (X, t, G) is said to be G-
perfect if A= ®(A).

In Example 3.2, if we let A = {b}, then A is a G-perfect.

Defnition 3.4 [2] A subset A of a grill topological space (X, 7, G)
is called a t-dense-in-itself if A < ®(A).

Proposition 3.5 A subset A of a grill topological space (X, t, §G) Iis
regular- G-closed, then A= Y¥(Int(A)).

Proof. Let A be regular- G-closed. Then we have W(Int(A)) = @(Int(A)) U Int(A) =
AU Int(A) = A.
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Proposition 3.6 For a subset of a grill topological space (X, 1, G), the following
properties are hold:

(1) Every regular- G-closed is a G-perfect.
(2) Every regular- G-closed is G -semi-open.

Proof (1) Let A be a regular-G-closed. Then we have ®@(Int(A))=A. Since O(Int(A))
C ®(A), then we have A=®(Int(A)) € ®(A). On the other hand ®(A) = O(P(Int(A)))
C O(Int(A)) = A. Therefore, A= ®(A). This shows that A is -perfect.

(2) Let A be a regular-G-closed. Then we have ®(Int(A))=A. Since Int(A) & A
we have A= ®(Int(A)) U Int(A) = ¥(Int(A)). Therefore, A is G -semi-open.

Remark 3.7 The converse of Proposition 3.6 need not be true as shown by the
following examples.

Example 3.8 (1) Let X =1{a,b,c,d},t=1{9, {a, c}, {d}, {a, c,d}, X} and G={{a},
{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a c, d}, {b, c, d}, X} on
X. Let A={a, c}. Then Aisa G-semi-open set, which is not regular- G-closed. Since
Y(Int(A)) = ®(Int(A)) U Int(A) = {a, b, c}, so that A c ¥Y(Int(A)). On the other
hand, ®(Int(A))=®({a, c})={a,b,c}# A and hence A is not.

(2) Let X={a,b,c},t={0, {a}, {a,b}, X} and G ={{c}, {a, c}, {b, c}, X}on
X. Let A = {c}, since ®(A) ={c}=A. Then A is a G-perfect, which is not regular- G-
closed. Because ®(Int(A)) = (D) = O+ A.

Proposition 3.9 For any subset A of a space (X, T, G) with t \{@}< G, the following
are equivalent:

(1) regular- G-closed.

(2) A is G-semi-open and G-perfect.

(3) A is G-semi-open and tg-closed.
Proof. (1) = (2): Obvious by Proposition 3.6

(2) = (3): Let A be G-semi-open and G-perfect. Since A is G-perfect, we have W(A)
= ®(A) U A= A. Then A is t4-closed.

(3) = (1): Since A is G-semi-open, we have AC ¥(Int(A)). By using Theorem 2.6,
for Int(A) € 1, we have Int(A)S O(Int(A)). Now A € P(Int(A)) = O(Int(A)) U Int(A)
C d(Int(A)). Therefore, AS ®(Int(A)). On the other hand, since A is t;-closed, we
have ®(A)CSA, also ®(Int(A)) € ®(A) < A. Thus, d(Int(A)) SA. This shows that
A = ®(Int(A)).

Corollary 3.10 Every regular- G-closed is a t4-dense-in-itself .

Proof. The proof is obvious from Proposition 3.9.

Proposition 3.11 In a grill topological space (X, 1, G), every regular- G-closed set is a
regular closed .
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Proof. Let A be regular- G-closed set. Then we have ®(Int (A)) = A. Thus, we obtain
that cl (A) = cl (®(Int (A))) = O(Int (A)) = A , by Theorem 2.4. Additionally, by
Theorem 2.10 we have ®(Int (A)) € cl (Int (A)), and hence A = ®(Int (A)) < cl (Int
(A))<S cl (A)=A. Then we have A =cl (Int (A)), and hence A is regular closed.

Remark 3.12 The converse of Proposition 3.11 need not be true as shown by the
following examples.

Example 3.13 Let X ={a,b,c,d},t=1{ 09, {a, c}, {d}, {a c, d}, X} and G={{a},
{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, ¢, d}{b, ¢, d}, X} on
X. Let A = {b, d}. Then A is a regular closed set, which is not regular- G-closed.
Since cl (Int (A)) = cl ({d}) = {b, d}= A, so that A is a regular closed .On the other
hand, since ®(Int(A))=®({d})=0 #{ b, d}=Aand hen A is not regular- G-closed.

Proposition 3.14 Let G be a grill on a space (X, 1) with t\ {@} € G. Then a subset A
of Xis aregular- G-closed set if and only if A is regular closed.

Proof. By Proposition 3.11, every regular- G-closed set is a regular closed.
Additionally, by Theorem 2,4 and Theorem 2.15 we have ®(Int (A)) = cl(Int (A)).
Thus, regular- G-closed and a regular closed are equivalent.

Proposition 3.15 Let (X, 1, G) be a grill topological space. For a subset of X the
following implications hold:

tg-clfsed T G - a -open
G-perfect « regular- G-closed G -semi-open
T4-dense-in-itself regular closed semi-open
4. GA-set.

Definition 4.1 A subset A of a grill topological space (X, T, G) is said to be GA-set if
A=UnYV, whereU €tand V € R;C(X).

The family of all GA-set in a grill topological space (X, 1, G) is denoted by GA (X).

Proposition 4.2 Every regular- G-closed is GA-set.
Proof. Since X € T N R;C(X) , the proof is obvious .

Benghazi Modern University
info.jmbush@bmu.edu.ly Dr.salahshalufi@bmu.edu.ly
Mobile +218945429096




Remark 4.3 The converse of Proposition 4.2 need not be true as shown by the
following examples.

Example 4.4 (1) Let X=1{a,b,c,d},t=1{0, {a, c}, {d}, {a, c,d}, X} and G={{a},
{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}, X} on
X. Let A= {a, c}.Then A is not a regular- G-closed set, and let V = {a, b, c}. Then by
Example 3.2, V is regular- G-closed and A is open . Therefore, A=A NV IS
GA-set.

Definition 4.5 [3] A subset A of a grill topological space (X, t, G) is said to be weakly
G-locally closed if A=U NV, where U €t and V is a t4-closed set.

Proposition 4.6 Let A be a subset of a grill topological space (X, t, G). Then the
following properties hold:

(1) If Alis GA-set, then A is weakly G-locally closed .
(2) If Ais GA-set, then A'is an A-set.
Proof. obvious by Proposition 3.9, and Proposition 3.11.

Remark 4.7 The converse of Proposition 4.6 need not be true as shown by the
following examples.

Examples 4.8

(1) Consider the grill topological space (X, t, G) of Examples 3.8 (2). If A ={c}. Then
A is weakly G-locally closed, which is not a GA-set, we have A=XNA such that ¥(A)
=A. Therefore A is weakly G-locally closed. On the other hand, we have A is not
regular- G-closed.

(2) Let A = {b, d}. Then by Example 3.13, A is a regular closed set, which is not
regular- G-closed. Therefore A is an A-set which is not A-set.

Proposition 4.9 Let (X, T, G) be a grill topological space and A a subset of X. If G =
{X}. Then the following are equivalent:

(1) A'is an open set,
(2) Aisag-a-openanda A-set,
(3) AisaG-preopen and a GA-set.

Proof. (1) = (2): Let A is an open. Hence A is G- a-open by Proposition 2.19, On the
other hand, we have A= AnX, where A€ t, and X is regular- G-closed. Hence A is
GA-set.

(2)= (3): This is obvious since every G- a-open set is G-preopen by Corollary 2.20 .

(3)=(1): Let A is a G -preopen and a GA-set. Then we have AC Int(‘¥(A)) and
A=UnV, where U€ 1 and V is regular- G-closed, respectively. Therefore, we have

AC Int(¥(A)) = Int(P(UNV))
C Int(¥(U) N P(V))
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= Int(¥(U)) N Int(¥ (V).

Since V is regular- g-closed, then V is a t4-closed and ¥ (V)=V, implies that A =
Int(¥(U)) N Int((V)).

Since A=UNV and ACU, we have

A =UNA c Un Int(‘P(U))N Int((V))

= [UN Int(¥(U))]N Int(V)

Int{UN W(U)]N Int(V)
UN Int(V)
Int(UNV)
Int(A).
This shows that A€ 1.

5. Decomposition of Continuity.

Definition 5.1 A function f: (X, 1, G) — (Y, o) is said to be G-a-continuous [1]
(resp. G-semi-continuous [1], G-pre-continuous [9], contra weakly G-LC- continuous
[3], A-continuous [11] ) if the inverse image of each open set of Y is G- a -open
(resp. G -semi-open, G-preopen, weakly G-locally closed, A-set ) in (X, 1, G),
respectively.

Definition 5.2 A function f : (X, 1, G) — (Y, o) is said to be GA- continuous if the
inverse image of each open set of Y is GA- set of (X, 1, G) .

Proposition 5.3 For a function f : (X, 1, G) — (Y, o), the following properties are
hold:

(1) if f is GA-continuous, then f isa contra weakly G-locally closed continuous.
(2) if f is GA-continuous, then fisa A- continuous.
Proof. The proof is obvious by Proposition 4.6.

Remark 5.4 The converse of Proposition 5.3 need not be true as shown by the
following examples.

Example 55 Let X={a,b,c,d}, t={0, {a, c}, {d}, {a, c,d}, X} and G = {{a},
{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {&, b, c}, {a, b, d}, {a, ¢, d}, {b, c, d}, X}
on X. Let Y= {a, b} and o ={0, {a}, Y}.

(1) Letf: (X, 1, G) — (Y, o) be a function defined as follows: f(a) =f(b) =f(d) =
b and f (c) = a. Then f is weakly G-locally closed continuous, which is not GA -
continuous by Example 4.8(1).

(2) Letf: (X, 1, G)— (Y, o) be a function defined as follows: f(b) = f(d) =a and
f (c) =f (@) = b. Then f is a A- continuous, which is not GA-continuous by Example
4.8(2).
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Theorem 5.6 Let (X, T, G) be a grill topological space and A a subset of X. If G =
{X}. Forafunctionf: (X, t, G) — (Y, ), the following properties are equivalent:

(1) f iscontinuous.

(2) fisa G-a -continuous and a GA- continuous.

(3) f isa G -pre continuous anda GA- continuous.
Proof. The proof is obvious by Proposition 4.9.
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