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للعلوم  الحديثة مجلة جامعة بنغازيشروط كتابة البحث العلمي في 
 والدراسات الإنسانية

 

 كهًح(. 051انًهخض تانهغح انؼشتٛح ٔتانهغح الاَعهٛضٚح ) -1

 انًمذيح، ٔذشًم انرانٙ: -2

 .)َثزج ػٍ يٕػٕع انذساسح )يذخم 

 .يشكهح انذساسح 

  .أًْٛح انذساسح 

 ذساسح. أْذاف ان 

  .انًُٓط انؼهًٙ انًرثغ فٙ انذساسح 

 انرٕطٛاخ(. -انخاذًح. )أْى َرائط انثحس  -3

 لائًح انًظادس ٔانًشاظغ. -4

 .انًشاظغانًظادس ٔ( طفحح يرؼًُح انًلاحك ٔلائًح 55ػذد طفحاخ انثحس لا ذضٚذ ػٍ ) -5

 القواعد العامة لقبول النشر
 ا انششٔؽ اٜذٛح:الاَعهٛضٚح؛ ٔانرٙ ذرٕافش فٛٓذمثم انًعهح َشش انثحٕز تانهغرٍٛ انؼشتٛح ٔ    .0

 ،ًٔذرٕافش فّٛ ششٔؽ انثحس انؼهًٙ انًؼرًذ ػهٗ الأطٕل انؼهًٛح ٔانًُٓعٛح  أٌ ٚكٌٕ انثحس أطٛلا

يٍ حٛس الإحاؽح ٔالاسرمظاء ٔالإػافح انًؼشفٛح )انُرائط( ٔانًُٓعٛح ٔانرٕشٛك ٔسلايح انًرؼاسف ػهٛٓا 

 .انهغح ٔدلح انرؼثٛش

 ٕأٔ يسرم يٍ سسانح أٔ اؽشٔحح ػهًٛح ٌ انثحس لذ سثك َششج أٔ لذٌو نهُشش فٙ أ٘ ظٓح أخشٖألا ٚك. 

 ٌٔيطثٕػاَ ػهٗ يهف ٔٔسد،  -إٌ ٔظذخ  - ٚكٌٕ انثحس يشاػٛاً نمٕاػذ انؼثؾ ٔدلح انشسٕو ٔالأشكال أ

 Times New( تخؾ )05( نهغح انؼشتٛح. ٔحعى انخؾ )'Arial 'Body( ٔتخؾ )01حعى  انخؾ )

Roman.نهغح الإَعهٛضٚح ) 

 أٌ ذكٌٕ انعذأل ٔالأشكال يذسظح فٙ أياكُٓا انظحٛحح، ٔأٌ ذشًم انؼُأٍٚ ٔانثٛاَاخ الإٚؼاحٛح.  

 أٌ ٚكٌٕ انثحس يهرضيا تذلح انرٕشٛك حسة دنٛم ظًؼٛح ػهى انُفس الأيشٚكٛح APA))  ٔذصثٛد ْٕايش

 انُحٕ اٜذٙ: انًشاظغ فٙ َٓاٚح انثحس ػهٗانًظادس ٔانثحس فٙ َفس انظفحح ٔ

 ٌانًظذس،  أٌ ذصُثد انًشاظغ تزكش اسى انًؤنف، شى ٕٚػغ ذاسٚخ َششج تٍٛ حاطشذٍٛ، ٔٚهٙ رنك ػُٕا

 .انظفحح ٔسلىٔسلى انعضء، يرثٕػاً تاسى انًحمك أٔ انًرشظى، ٔداس انُشش، ٔيكاٌ انُشش، 

 ٚزُكش اسى  نهثحس: ػُذ اسرخذاو انذٔسٚاخ )انًعلاخ، انًؤذًشاخ انؼهًٛح، انُذٔاخ( تٕطفٓا يشاظغ

طاحة انًمانح كايلاً، شى ذاسٚخ انُشش تٍٛ حاطشذٍٛ، شى ػُٕاٌ انًمانح، شى ركش اسى انًعهح، شى سلى 

 .انظفحح انًعهذ، شى سلى انؼذد، ٔداس انُشش، ٔيكاٌ انُشش، ٔسلى

هح انذساسح، يشك كهًح( تحٛس ٚرؼًٍ 051ٚمذو انثاحس يهخض تانهغرٍٛ انؼشتٛح ٔالاَعهٛضٚح فٙ حذٔد )   .2

فٙ َٓاٚح  انشئٛسٛحٔٔػغ انكهًاخ  .انذساسح ، َٔرائطانذساسح يُٓعٛحٔانٓذف انشئٛسٙ نهذساسح، ٔ

 ). انًهخض )خًس كهًاخ
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 تحمٓا فٙ أسهٕب إخشاض انثحس انُٓائٙ ػُذ انُشش.ظايؼح تُغاص٘ انحذٚصح  ذحرفظ يعهح  .3

 النشر إجراءات
 كانرانٙ:  ْٕٔظايؼح تُغاص٘ انحذٚصح  ٙ انخاص تانًعهحانًٕاد ػثش انثشٚذ الانكرشَٔ ظًٛغ ذشسم

 ( ُٚشسم انثحس انكرشَٔٛا Pdf  +Word )  إنٗ ػُٕاٌ انًعهحinfo.jmbush@bmu.edu.ly  أ َسخح

 ٚظٓش فٙ انثحس اسى انثاحس ٔنمثح انؼهًٙ، ٔيكاٌ ػًهح، ٔيعانّ. تحٛس CDػهٗ 

 ػهٗ يٕلغ انًعهح( ٔكزنك اسفاق يٕظض نهسٛشج  ٚشفك يغ انثحس ًَٕرض ذمذٚى ٔسلح تحصٛح نهُشش )يٕظٕد

 انزاذٛح نهثاحس إنكرشَٔٛاً.

  .لا ٚمثم اسرلاو انٕسلح انؼهًٛح الا تششٔؽ ٔفٕسياخ يعهح ظايؼح تُغاص٘ انحذٚصح 

  فٙ حانح لثٕل انثحس يثذئٛاً ٚرى ػشػح ػهٗ يُحكًٍُٛ يٍ رٔ٘ الاخرظاص فٙ يعال انثحس، ٔٚرى

ؼشع ػهٛٓى اسى انثاحس أٔ تٛاَاذّ، ٔرنك لإتذاء آسائٓى حٕل يذٖ أطانح اخرٛاسْى تسشٚح ذايح، ٔلا ُٚ 

انثحس، ٔلًٛرّ انؼهًٛح، ٔيذٖ انرضاو انثاحس تانًُٓعٛح انًرؼاسف ػهٛٓا، ٔٚطهة يٍ انًحكى ذحذٚذ يذٖ 

 طلاحٛح انثحس نهُشش فٙ انًعهح يٍ ػذيٓا.

 ٍٚيٍ ذاسٚخ الاسرلاو نهثحس، ٔتًٕػذ  ٚخُطش انثاحس تمشاس طلاحٛح تحصّ نهُشش يٍ ػذيٓا خلال شٓش

 انُشش، ٔسلى انؼذد انز٘ سُٛشش فّٛ انثحس.

  فٙ حانح ٔسٔد يلاحظاخ يٍ انًحكًٍُٛ، ذشُسم ذهك انًلاحظاخ إنٗ انثاحس لإظشاء انرؼذٚلاخ انلاصيح

 .ػششج أٚاوتًٕظثٓا، ػهٗ أٌ ذؼاد نهًعهح خلال يذج ألظاْا 

 ْا لا ذؼاد إنٗ انثاحصٍٛ.الأتحاز انرٙ نى ذرى انًٕافمح ػهٗ َشش 

 فًٛا ُٚشش يٍ دساساخ ٔتحٕز ٔػشٔع ذؼثش ػٍ أساء أطحاتٓا. الأفكاس انٕاسدج 

 يٍ انًٕاد انًُشٕسج فٙ انًعهح يشج أخشٖ. إ٘ َشش لا ٚعٕص 

 ( ِ511( دُٚاس نٛثٙ إرا كاٌ انثاحس يٍ داخم نٛثٛا، ٔ )د.ل 111ٚذفغ انشاغة فٙ َشش تحصّ يثهغ لذس $ )

 -ليبيا  –بنغازي (: ػهًاً تأٌ حساتُا انماتم نهرحٕٚم ْٕ .إرا كاٌ انثاحس يٍ خاسض نٛثٛادٔلاس أيشٚكٙ 

. الاسم )صلاح الأمين 0000-445520-000 ، رقمبنغازي -الرئيسي فرع المصرف التجارة والتنميت، 

 .عبدالله محمد(

 ظًٛغ انًٕاد انًُشٕسج فٙ انًعهح ذخؼغ نمإٌَ حمٕق انًهكٛح انفكشٚح نهًعهح. 

 

info.jmbush@bmu.edu.ly 

00218913262838 

 

 د. طلاغ الأيٍٛ ػثذالله                                                                         

 سئٛس ذحشٚش يعهح ظايؼح تُغاص٘ انحذٚصح                                                               

               Dr.salahshalufi@bmu.edu.ly 
  

 

 

https://ws01.server.ly:8443/smb/email-address/edit/id/985
https://ws01.server.ly:8443/smb/email-address/edit/id/985
https://ws01.server.ly:8443/smb/email-address/edit/id/986
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Abstract. 

In this paper, We introduce the notion of a regular- 𝒢-closed set, 𝒢A-set by using 

regular- 𝒢-closed set and study some of its properties, we also investigate the relation 

between such sets with other grill sets Furthermore, by using 𝒢A-set,  we obtain new 

decompositions of continuity.  Then we show that a function  f : (X, τ, 𝒢) → (Y, σ) is 

continuous if and only if it is 𝒢-α-continuous and 𝒢A-continuous. 

Keywords: grill topological space, decomposition of continuity, regular closed set, 

A-set, regular- 𝒢-closed set, 𝒢A-set. 

 

 

 

 

 تبر محمد علي محمدأ. ، ** سميحة مصطفى سليمان يونسأ. * 
 

جامعة  - كلية العلوم -قسم الرياضيات   - درجة علمية مساعد محاضر) أعضاء هيئة التدريس ب
 ليبيا ( - اجدابيا

 

 

 الملخص: 

 ( يٍ انًُؾ Grill Topological Spacesانفؼاء )فٙ ْزا انثحس َمذو يفٕٓو ظذٚذ فٙ          

 (𝒢A-continuous function ,  𝒢A-set) ٔاشثرُا تؼغ انُظشٚاخ  انخٕاصتؼغ  ُأاسرُرع

 .(regular- 𝒢-closed setتّ  تاسرخذاو يفٕٓو ) انًرؼهمح
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1.   Introduction. 
 

The idea of grill on a topological space was first introduced by Choquet [5] in 1947. 

The concept of grills has shown to be a powerful supporting and useful tool like nets 

and filters, for getting a deeper insight into further studying some topological notions 

such as proximity spaces, closure spaces and the theory of compactifications and 

extension problems of different kinds (see [4], [6], [12] for details).  In 2007, Roy and 

Mukherjee [20] defined and studied a typical topology associated rather naturally to 

the existing topology and a grill on a given topological space. Quite recently, Hatir 

and Jafari [9] have defined new classes of sets in a grill topological space and 

obtained a new decomposition of continuity in terms of grills. In [3], Ravi and 

Ganesan have defined and studied 𝒢-α-open sets and 𝒢-α-continuous functions in grill 

topological spaces. In 2004, A. keskin, T. Noiri and S. yuksel [14] proved that the 

function  f : (X, τ, I) → (Y, σ) is continuous if and only if it is α-I-continuous  and A-

I- continuous in ideal topological spaces . We extend this decomposition of continuity 

in terms of grill. 

In this paper, we introduce regular- 𝒢-closed set, A-set, 𝒢A-continuous 

functions and investigate the relation between such sets with other grill sets 

(functions) and obtain a decomposition of continuity. Then we show that a function f : 

(X, τ, 𝒢) → (Y, σ) is continuous if and only if it is 𝒢-α-continuous and 𝒢A-

continuous. 

 

2.  PRELIMINARIES. 
 

Throughout this paper, (X, τ) or X represent a topological space on which no 

separation axioms are assumed unless otherwise mentioned.  For a subset A of a space 

X, cl(A) and Int(A) denote the closure and the interior of A respectively. The power 

set of X will be denoted by P(X). A subset A is said to be regular closed if                  

A = cl(Int(A)). 

 

Definition 2.1. [10] A nonempty collection 𝒢 of subsets of a topological spaces X is 

said to be a grill on X if 

  (1)    𝒢.  

  (2) A ∈ 𝒢 and A ⊆ B ⊆ X  implies  B ∈ 𝒢. 

  (3) A, B ⊆ X and A ∪ B ∈ 𝒢 implies  A ∈ 𝒢 or B ∈ 𝒢. 

    If (X, τ) is a topological space with a grill 𝒢 on X. Then, we call it a grill 

topological space and denotes it by (X, τ , 𝒢). 

 

Definition 2.2 [10] Let (X, τ ) be a topological space and 𝒢 be a grill on X.  We define 

a mapping  Φ : P(X) → P(X), as follows: 

 (A) =  𝒢(A, τ ) = {x ∈ X : A ∩ U ∈ 𝒢, for all U ∈ τ(x)} for each A∈P(X).  

   The mapping    is called the operator associated with the grill 𝒢 and the topology τ. 

 

Proposition 2.3 [10] Let (X, τ ) be a topological space and 𝒢 be a grill on X. Then for 

all A, B ⊆ X: 
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   (1)   A ⊆ B implies that  (A) ⊆ Φ(B). 

   (2)   If 𝒢  and 𝒢  are two grills on X and 𝒢  ⊆ 𝒢  , then  𝒢 
⊆ 𝒢 

. 

   (3)   If A   𝒢 then Φ(A) =  . 

 

Proposition 2.4 [10]  Let (X, τ ) be a topological space and 𝒢 be a grill on X. Then for 

all A, B ⊆ X: 

   (1)  Φ(A ⋃ B) = Φ(A)∪ Φ(B). 

   (2)  Φ(A ∩ B) ⊆ Φ(A)∩Φ(B). 

  (3)  cl(Φ(A)) = Φ(A). 

  (4)  cl(Φ(A)) ⊆ cl(A).  

  (5)   Φ(Φ(A)) ⊆  (A). 

 

Theorem 2.5 [10] Let 𝒢 be a grill on a topological space (X, τ).  If U ∈ τ, then U ∩ Φ 

(A) = U ∩ Φ (U ∩ A), for any A ⊆ X. 

      In addition to the conditions of the above theorem, if each nonempty open set 

is a member of the grill, we have: 

 

Theorem 2.6  [10] If 𝒢 is a grill on a space (X, τ) with τ \{ }⊆ 𝒢, then for all U ∈ τ, 

U ⊆ Φ(U). 

 

Definition 2.7  [10]  Let (X, τ) be a topological space and 𝒢 be a grill on X. We define 

a map  :  P(X) →  P(X)   

                     by Ψ(A) = A∪ Φ(A),  for all A ∈ P(X). 

 

Theorem 2.8  [10]  The above map Ψ  satisfies  Kuratowski’s closure axioms. 

 

Proposition 2.9   [7] Let (X, τ) be a topological space and 𝒢 be a grill on X. Then for 

all A, B ⊆ X: 

  (1) Int(A) ⊆ Int(Ψ(A)). 

  (2) Int(Ψ(A ∩ B)) ⊆ Int(Ψ(A)). 

  (3) Int(Ψ(A)) ⊆ Ψ(A). 

  (4) A ⊆ B ⇒ Ψ(A) ⊆ Ψ(B). 

 

Theorem 2.10   [8]  Let (X, τ ) be a topological space and 𝒢 be any grill on X. Then,  

for any A,  B ⊆ X 

  (1) Φ(A) ⊆ Ψ(A) ⊆ cl(A). 

  (2) A ∪ Ψ(Int(A)) ⊆ cl(A). 

  (3) A ⊆ Φ(A) and B ⊆ Φ(B) ⇒ Ψ(A ∩ B) ⊆ Ψ(A) ∩ Ψ(B). 
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Definition 2.11 [10] Corresponding to a grill 𝒢 on a topological space (X, τ),  there 

exists a unique topology  𝒢 (say) on X given by 

 𝒢 = {U ⊆ X : Ψ(X\U) = X \U},  where for any A ⊆ X, Ψ(A) = A ∪ Φ(A) =  𝒢-clA. 

 

Example 2. 12 Consider the grill topological space  (X, τ,  𝒢),   where X =  {a, b, c}, τ 

= { , {a}, {b, c}, X}   and    𝒢= {{a}, {c}, {a, c}, {a, b}, {b, c}, X}. Then  𝒢 = { , 

{a}, {c}, {a, c}, {b, c},  X}. 

      Now, we will deal with certain properties concerning the topology  𝒢. 

 

Theorem 2.13  [10]  

(1) If 𝒢  and 𝒢  are two grills on a space X with  𝒢  ⊆ 𝒢 ,  then  𝒢 
 ⊆  𝒢 

. 

(2) If 𝒢 is a grill on a space X and B  𝒢,  then B is closed in (X,  𝒢). 

(3) For any subset A of a space X and any grill 𝒢 on X, Φ(A) is  𝒢-closed. 

Proof. (1) Let U ∈  𝒢 
. Then  𝒢 

-cl(X \ U) = Ψ(X \ U)  

= (X \ U) ∪ 𝒢 
(X \ U) =(X \ U). Thus  𝒢 

(X \ U)⊆ (X \ U).  Implies that  𝒢 
(X \ 

U)⊆ (X \ U).  So (X \ U) =  𝒢 
-cl(X \ U) and hence U ∈ 𝒢 

. 

(2) It is obvious that, for B  𝒢, Φ(B)=  . Then  𝒢-cl(B) = Ψ(B) = B∪  (B) = B.  

Hence B is  𝒢-closed. 

(3) We have,  Ψ(Φ(A)) = Φ(A) ∪ Φ(Φ(A)) = Φ(A). Thus Φ(A) is  𝒢-closed. 

 

Theorem 2.14 [10]  Let (X, τ, 𝒢) be a grill topological space. Then  

B(𝒢, τ) = {V \ A : V ∈ τ, A   𝒢 } is an open base for  𝒢. 

 

Theorem 2.15  [10]  Let 𝒢 be a grill on a space (X, τ) and A be any subset of X such 

that A ⊆ Φ(A). Then  

                        clA =  𝒢-clA = cl(Φ(A)) = Φ(A). 

 

Theorem 2.16 [1]   Let  𝒢 be a grill on a topological space (X, τ).  If    U ∈ τ ,  then   

U ∩ Ψ(A) ⊆  (U ∩ A),  for any A ⊆ X. 

 

Definition 2.17  A subset A of a topological space X is said to be: 

  (1)                     ⊆     (  (   ( )))  

  (2)  A-set [11] if A = U   V,  where U ∈τ and V is regular closed 

 

Definition 2.18  A subset A of a grill topological space (X, τ, 𝒢) is said to be: 

  (1)   𝒢-  -open [1]          ⊆     ( (   ( )))  
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  (2)  𝒢-preopen [9] if A ⊆ Int(Ψ(A)). 

  (3)  Φ-open [9] if A ⊆ Int(Φ(A)). 

  (4)  𝒢-semi-open [1]  if  A ⊆ Ψ(Int(A)). 

 

Theorem 2.19 [1]  Let A be a subset of a grill topological space (X, τ, 𝒢).   

A subset A of X is 𝒢-  -open if and only if it is 𝒢 -semi-open and   𝒢-preopen. 

 

Corollary 2.20   [1]   Let (X,  , 𝒢) be a grill topological space and A a subset of X. If 

𝒢 = {X}. Then the following hold: 

   (1) A is 𝒢 -   -open if and only if A is open. 

   (2) A is 𝒢 -preopen if and only if A is open. 

   (3) A is 𝒢 -semi-open if and only if A is open. 

 

3.  regular- 𝒢-closed  sets. 

  

Definition 3.1 A subset A of a grill topological space  (X, τ, 𝒢) is said to be regular- 

𝒢-closed if  A = Φ( Int( A)). 

    The family of all regular- 𝒢-closed sets in a grill topological space (X, τ, 𝒢) is 

denoted by  𝒢C(X). 

  

Example  3.2  Let  X = {a, b, c, d}, τ = { Ø, {a, c}, {d}, {a, c, d}, X} and         

𝒢={{a}, {b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d},          

{b, c, d}, X} on X. Let A ={a, b, c}. Then A is a regular- 𝒢-closed.  Since Φ(Int(A)) = 

Φ({a, c})  = {a, b, c} = A. 

   

Definition 3.3  [2]  A subset A of a grill topological space (X, τ, 𝒢) is said to be 𝒢-

perfect  if  A = Φ(A). 

   In  Example 3.2,  if we let  A = {b}, then A is a 𝒢-perfect. 

 

Defnition 3.4  [2] A subset A of a grill topological space (X, τ,  𝒢) 

is called a  𝒢-dense-in-itself  if A ⊆ Φ(A). 

 

Proposition 3.5 A subset A of a grill topological space (X, τ, 𝒢) is                     

regular- 𝒢-closed, then  A= Ψ(Int(A)). 

Proof.  Let A be regular- 𝒢-closed.  Then we have Ψ(Int(A)) = Φ(Int(A)) ∪  Int(A) = 

A∪ Int(A) = A. 
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Proposition 3.6 For a subset of a grill topological space (X, τ, 𝒢), the following 

properties are hold: 

  (1)  Every regular- 𝒢-closed is a 𝒢-perfect. 

  (2)  Every  regular- 𝒢-closed is 𝒢 -semi-open. 

Proof (1) Let A be a regular-𝒢-closed. Then we have Φ(Int(A))=A.  Since  Φ(Int(A)) 

⊆ Φ(A), then we have A=Φ(Int(A)) ⊆ Φ(A). On the other hand Φ(A) = Φ(Φ(Int(A))) 

⊆ Φ(Int(A)) = A. Therefore,  A= Φ(A). This shows that A is  -perfect.  

(2) Let A be a regular-𝒢-closed. Then we have Φ(Int(A))=A.  Since  Int(A) ⊆  A        

we have  A= Φ(Int(A)) ∪ Int(A) = Ψ(Int(A)). Therefore, A is 𝒢 -semi-open. 

 

Remark 3.7 The converse of Proposition 3.6   need not be true as shown by the 

following examples. 

 

Example  3.8 (1) Let  X = {a, b, c, d}, τ = { Ø, {a, c}, {d}, {a, c, d}, X} and  𝒢={{a}, 

{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}, X} on 

X.  Let A = {a, c}.  Then A is a 𝒢-semi-open set, which is not regular- 𝒢-closed. Since 

Ψ(Int(A)) = Φ(Int(A)) ∪ Int(A) =   {a, b, c}, so that A ⊂ Ψ(Int(A)). On the other 

hand,  Φ(Int(A)) = Φ({a, c}) = {a, b, c}  A   and hence A is not.  

    (2)   Let  X = {a, b, c}, τ = { Ø, {a}, {a, b}, X} and  𝒢 ={{c}, {a, c},  {b, c}, X} on 

X.  Let A = {c}, since Φ(A) ={c}=A. Then A is a 𝒢-perfect, which is not  regular- 𝒢-

closed. Because Φ(Int(A)) = Φ(Ø) = Ø  . 

 

Proposition 3.9  For any subset A of a space (X, τ, 𝒢) with τ \{ }⊆ 𝒢, the following 

are equivalent: 

   (1)  regular- 𝒢-closed. 

   (2) A   is 𝒢-semi-open and 𝒢-perfect. 

   (3) A   is 𝒢-semi-open and  𝒢-closed. 

Proof.  (1) ⇒ (2):  Obvious by Proposition 3.6 

 (2) ⇒ (3):  Let A be 𝒢-semi-open and 𝒢-perfect.  Since A is 𝒢-perfect, we have Ψ(A) 

= Φ(A) ∪ A= A. Then A is  𝒢-closed.  

(3) ⇒ (1):  Since A is 𝒢-semi-open, we have A⊆ Ψ(Int(A)). By using Theorem 2.6, 

for Int(A) ∈ τ, we have  Int(A)⊆ Φ(Int(A)). Now A ⊆ Ψ(Int(A)) = Φ(Int(A)) ∪ Int(A) 

⊆ Φ(Int(A)).  Therefore, A⊆ Φ(Int(A)).  On the other hand, since A is  𝒢-closed, we 

have Φ(A)⊆A, also Φ(Int(A)) ⊆ Φ(A) ⊆ A. Thus,  Φ(Int(A)) ⊆A.  This shows that    

A = Φ(Int(A)).  

 

Corollary 3.10  Every regular- 𝒢-closed is a  𝒢-dense-in-itself . 

Proof. The proof is obvious from Proposition 3.9. 

 

Proposition 3.11  In a grill topological space (X, τ, 𝒢), every regular- 𝒢-closed set is a 

regular closed . 
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Proof. Let A be regular- 𝒢-closed set. Then we have Φ(Int (A)) = A.  Thus,  we obtain 

that cl (A) = cl (Φ(Int (A))) = Φ(Int (A)) = A , by Theorem 2.4. Additionally, by 

Theorem 2.10 we have Φ(Int (A)) ⊆ cl (Int (A)), and hence  A = Φ(Int (A)) ⊆ cl (Int 

(A))⊆ cl (A)=A. Then we have A = cl (Int (A)), and hence A is regular closed.                             

 

Remark 3.12 The converse of  Proposition 3.11  need not be true as shown by the 

following examples. 

 

Example  3.13  Let  X = {a, b, c, d}, τ = { Ø, {a, c}, {d}, {a, c, d}, X} and  𝒢={{a}, 

{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d},{b, c, d}, X} on 

X. Let A = {b, d}.  Then A is a regular closed set, which is not regular- 𝒢-closed. 

Since cl (Int (A)) = cl ({d}) = {b, d}  A , so that A is a regular closed .On the other 

hand, since  Φ(Int(A)) = Φ({d}) =   { b, d}= A and hen  A is not regular- 𝒢-closed. 

 

Proposition 3.14 Let 𝒢 be a grill on a space (X, τ) with τ \ { } ⊆ 𝒢. Then a subset A 

of  X is a regular- 𝒢-closed set                A is regular closed. 

Proof. By Proposition 3.11, every regular- 𝒢-closed set is a regular closed. 

Additionally, by Theorem 2,4 and Theorem 2.15  we have Φ(Int (A)) = cl(Int (A)).  

Thus, regular- 𝒢-closed and a regular closed are equivalent. 

Proposition 3.15 Let (X, τ, 𝒢) be a grill topological space.  For a subset of X the 

following implications hold: 

 

    𝒢-closed                                                                    𝒢 -   -open 

 

 

     𝒢-perfect                    regular- 𝒢-closed                  𝒢 -semi-open 

                   

                  

 𝒢-dense-in-itself         regular closed          semi-open 

 

4. 𝒢A-set. 

 

Definition 4.1  A subset A of a grill topological space (X, τ, 𝒢) is said to be  𝒢A-set  if 

A = U   V,  where U ∈τ and V  ∈  𝒢C(X). 

    The family of all 𝒢A-set  in a grill topological space (X, τ, 𝒢) is denoted by 𝒢A (X). 

 

Proposition 4.2  Every regular- 𝒢-closed is   𝒢A-set. 

Proof.  Since X ∈   ∩  𝒢C(X) , the proof is obvious . 
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Remark 4.3 The converse of Proposition 4.2   need not be true as shown by the 

following examples. 

 

Example  4.4 (1) Let  X = {a, b, c, d}, τ = { Ø, {a, c}, {d}, {a, c, d}, X} and  𝒢={{a}, 

{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}, X} on 

X. Let A= {a, c}.Then A is not a regular- 𝒢-closed set, and let V = {a, b, c}.  Then by 

Example 3.2, V is  regular- 𝒢-closed and A is open . Therefore,  A = A   V              is 

𝒢A-set. 

 

Definition 4.5 [3] A subset A of a grill topological space (X, τ, 𝒢) is said to be weakly 

𝒢-locally closed if A = U   V,  where U ∈τ and V is a  𝒢-closed set. 

 

Proposition 4.6 Let A be a subset of a grill topological space (X, τ, 𝒢). Then the 

following properties hold: 

(1) If A is 𝒢A-set, then A is weakly 𝒢-locally closed . 

(2) If A is 𝒢A-set, then A is  an A-set. 

Proof. obvious by Proposition 3.9,  and Proposition 3.11. 
 

Remark 4.7 The converse of Proposition 4.6 need not be true as shown by the 

following examples. 

 

Examples 4.8  

(1) Consider the grill topological space (X, τ, 𝒢) of Examples 3.8 (2).  If A ={c}. Then 

A is weakly 𝒢-locally closed, which is not a 𝒢A-set,  we have A=X∩A such that Ψ(A) 

=A. Therefore A is weakly 𝒢-locally closed.  On the other hand, we have A is not 

regular- 𝒢-closed. 

(2) Let A = {b, d}.  Then by Example 3.13, A is a regular closed set, which is not 

regular- 𝒢-closed. Therefore A is an A-set which is not  A-set. 

 

Proposition 4.9  Let (X,  , 𝒢) be a grill topological space and A a subset of X. If 𝒢 = 

{X}. Then the following are equivalent: 

   (1)   A is an open set, 

   (2)   A is a 𝒢-  -open and a  A-set, 

   (3)   A is a 𝒢-preopen and a 𝒢A-set. 

Proof. (1) ⇒ (2): Let A is an open.  Hence A is 𝒢-  -open by Proposition 2.19, On the 

other hand, we have A= A X, where A∈ τ, and X is regular- 𝒢-closed. Hence A is 

𝒢A-set.   

(2)⇒ (3): This is obvious since every 𝒢-  -open set is 𝒢-preopen by Corollary 2.20 . 

(3)⇒(1): Let A is a 𝒢 -preopen and a 𝒢A-set. Then we have A⊆ Int(Ψ(A)) and         

A= U V,  where U∈ τ and V is regular- 𝒢-closed, respectively.  Therefore, we have    

         A⊆ Int(Ψ(A)) = Int(Ψ(U V))  

                                ⊆ Int(Ψ(U)   Ψ(V))  
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                                = Int(Ψ(U))   Int(Ψ (V)). 

Since V is regular- 𝒢-closed, then V is a  𝒢-closed and  Ψ (V)=V, implies that   A = 

Int(Ψ(U)) ∩ Int((V)). 

Since   A=U∩V and A⊆U, we have  

           A = U A ⊆ U  Int(Ψ(U))∩ Int((V)) 

                            = [U∩ Int(Ψ(U))]∩ Int(V) 

                            = Int[U∩ Ψ(U)]∩ Int(V) 

                            =  U∩ Int(V) 

                            =  Int(U V) 

                            =  Int(A). 

This shows that A∈ τ. 

 

5.   Decomposition of Continuity. 
 

Definition 5.1 A function  f : (X, τ, 𝒢) → (Y, σ) is said to be 𝒢- -continuous [1] 

(resp.  𝒢-semi-continuous [1],  𝒢-pre-continuous [9],  contra weakly 𝒢-LC- continuous 

[3], A-continuous [11] ) if the inverse image of each open set of Y is  𝒢-   -open 

(resp.  𝒢 -semi-open,  𝒢–preopen, weakly 𝒢-locally closed,  A-set ) in (X, τ, 𝒢),  

respectively.  

 

Definition 5.2 A function f : (X, τ, 𝒢) → (Y, σ) is said to be 𝒢A- continuous if the 

inverse image of each open set of Y is  𝒢A- set of (X, τ, 𝒢) . 

 

Proposition 5.3   For a function f : (X, τ, 𝒢) → (Y, σ),  the following properties are 

hold:  

   (1)  if   f  is 𝒢A-continuous,  then  f  is a  contra weakly 𝒢-locally closed continuous. 

   (2)  if   f  is 𝒢A-continuous,  then  f is a  - continuous. 

Proof. The proof is obvious by Proposition 4.6. 

 

Remark 5.4 The converse of Proposition 5.3 need not be true as shown by the 

following examples. 

 

Example  5.5  Let  X = {a, b, c, d}, τ = { Ø, {a, c}, {d}, {a, c, d}, X} and  𝒢 = {{a}, 

{b}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d},  X} 

on X.  Let Y= {a, b} and  σ ={ , {a}, Y}. 

     (1)  Let f : (X, τ, 𝒢) → (Y, σ) be a function defined as follows:  f (a) = f(b) = f (d) = 

b  and f (c) = a. Then f is weakly 𝒢-locally closed continuous,  which is not 𝒢A -

continuous by Example  4.8(1). 

    (2)  Let f : (X, τ, 𝒢) → (Y, σ) be a function defined as follows:  f (b) =  f (d) = a  and   

f (c) =f (a) = b. Then f is a  - continuous,  which is not    𝒢A-continuous by Example  

4.8(2). 
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Theorem 5.6 Let (X,  , 𝒢) be a grill topological space and A a subset of X. If 𝒢 = 

{X}.  For a function f : (X, τ, 𝒢) → (Y, σ), the following properties are equivalent: 

    (1)   f  is continuous. 

    (2)  f  is a  𝒢 -   - continuous  and a  𝒢A- continuous. 

    (3)  f  is a  𝒢 -pre continuous   and a  𝒢A- continuous. 

Proof. The proof is obvious by Proposition 4.9. 
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